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Abstract

Seymour’s Second Neighborhood Conjecture (SNC) states that every oriented
graph contains a vertex whose second neighborhood is as large as its first
neighborhood. We investigate the SNC for orientations of both binomial and
pseudo random graphs, verifying the SNC asymptotically almost surely (a.a.s.)

(i) for all orientations of G(n,p) if limsup,,_,.. p < 1/4; and

(i) for a uniformly-random orientation of each weakly (p, A,/np)-bijumbled
graph of order n and density p, where p = Q(n~/2) and 1 — p = Q(n~1/)

and A > 0 is a universal constant independent of both n and p.

We also show that a.a.s. the SNC holds for almost every orientation of G(n, p).

More specifically, we prove that a.a.s.

(i) for all € > 0 and p = p(n) with limsup,, ,..p < 2/3 — ¢, every orientation

of G(n,p) with minimum outdegree Q.(1/n) satisfies the SNC; and

(iv) for all p = p(n), a random orientation of G(n, p) satisfies the SNC.

We remark that either (7ii) or (i) confirms the SNC for almost every oriented

graph.

1 Introduction

An oriented graph D is a directed graph (digraph) obtained from a simple graph G

by assigning directions to its edges (i.e., D contains neither loops, nor parallel arcs,
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nor directed cycles of length 2); we also call D an orientation of G. Given i € N, the
i-th neighborhood of u € V(D), denoted by N*(u), is the set of vertices v for which a
shortest directed path from w to v has precisely 7 arcs. A Seymour vertex (see [14]) is

a vertex u for which |[N?(u)| > |N'(u)|. Seymour conjectured the following (see [6]).

Conjecture 1. Every oriented graph contains a Seymour vertex.

Conjecture 1, known as Seymour’s Second Neighborhood Conjecture (SNC), is a
notorious open question (see, e.g., [3,7,9,14]). In particular, it was confirmed for
tournaments (orientations of cliques) by Fisher [8] and (with a purely combinatorial
argument) by Havet and Thomassé [10]; it was also studied by Cohn, Godbole,
Harkness and Zhang [4] for the random digraph model in which each ordered pair of
vertices is picked independently as an arc with probability p < 1/2.

Our contribution comes from considering this combinatorial problem in a random
and pseudorandom setting (see, e.g., [5,13]). More precisely, we explore Conjecture 1
for orientations of the binomial random graph G(n,p), defined as the random
graph with vertex set {1,...,n} in which every pair of vertices appears as an
edge independently and with probability p.

In this paper, we denote by S the set of graphs G such that every orientation of G
contains a Seymour vertex. We say that an event £ holds asymptotically almost surely
(a.a.s.) if Pr[€] = 1 as n — oco. If G = G(n,p) is very sparse (say, if np < (1—¢)Ilnn
for large n and fixed € > 0), then a.a.s. G has an isolated vertex, which clearly is a
Seymour vertex. Our first result extends this observation to much denser random

graphs.

Theorem 2. Let p: N — (0,1). If limsupp < 1/4, then a.a.s. G(n,p) € S.

n—00

If we impose restrictions on the orientations, requiring, for example, somewhat

large minimum outdegree, the range of p can be further increased.

Theorem 3. For every > 0, there exists C' = C(f) such that the following holds
for all p: N — (0,1). If limsupp < 2/3 — 3, then a.a.s. every orientation of G(n,p)
n—oo

1/2

with minimum outdegree at least Cn"/* contains a Seymour vertex.

In general, for p € (0,1), we show that a.a.s. most orientations of G(n,p) contain
a Seymour vertex. In particular, either Theorem 3 or the following result imply that

Conjecture 1 holds for almost every labeled oriented graph.
Theorem 4. Let p: N — (0,1) and let G = G(n,p). If D is chosen uniformly at

random among the 2¢(¢) orientations of G, then a.a.s. D has a Seymour vertex.

In fact, we prove a version of Theorem 4 in a more general setting, namely

orientations of pseudorandom graphs (see Section 4).
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Theorem 5. For every A > 0, there exists a constant C = C(A) > 1 such that
the following holds for every p,e € (0,1) and n € N satisfying 3np? > A%C and
p < 1—13y/e. Let G be a weakly (p, A\/np)-bijumbled graph of order n. If D is
chosen uniformly at random among the 2¢(5) possible orientations of G, then D has

a Seymour vertex with probability at least 1 — 27",

This paper is organized as follows. In Section 2 we prove Conjecture 1 for wheel-
free graphs, which implies the particular case of Theorem 2 when n’p? — 0. In
Section 3 we complete the proof of Theorem 2 and prove Theorems 3 and 4 using a
set of standard properties of G(n,p). These properties are collected in Definition 9
and Lemma 10 (proved in Appendix A). In Section 4, we introduce bijumbled graphs
and prove Theorem 5. We make a few further remarks in Section 5.

To avoid uninteresting technicalities, we omit floor and ceiling signs. The asymp-
totic expressions O(-), (+), o(+) are relative to n — oo, and = Q.( f(n)) means
that there exist constants ng and C depending only on ¢ such that = > C f(n) for all
n > ng. If S and T are sets of vertices in a graph (or oriented graph) H, we denote
by € (S, T) the number of arcs directed from S to T, by e (S,7T) the number of
edges or arcs with one vertex in each set, and by ey (.S) the number of edges or arcs
with both vertices in . We emphasize that edges in S NT are counted twice in
e (S,T). On the other hand, €(S,T’) counts arcs induced by S N7 only once. Also,
as usual, H[S] denotes the (oriented) graph induced by the vertices in S.

Given a vertex u in an oriented graph H, we denote by deg}_}(u) the outdegree of
win H, i.e., the number of arcs of H leaving u; we denote by % (H) the minimum
outdegree over all vertices of H. The (underlying) neighborhood of a vertex w is
denoted by Ny (u), and the codegree of vertices u, v is degy (v, v) = [Ny (u) "Ny (v)].
Subscripts are omitted when the intended (oriented) graph is clear from context.

Theorem 2 and a weaker version of Theorem 3 appeared in the extended ab-

stracts [1,2].

2 Wheel-free graphs

A wheel is a graph obtained from a cycle C by adding a new vertex adjacent to all
vertices in C'. Firstly, we show that G(n, p) is wheel-free when p is small; then prove

that all wheel-free graphs satisfy Conjecture 1.

Lemma 6. If p € (0,1) and np® < €/16, then Pr[G(n,p) is wheel-free] > 1 —e.
Proof. We can assume ¢ < 1. Since n*p® < £/16, we have that
np? < (ep?/16)Y* < 1/2. (1)

Let X = 3"3_4 Xk, where X, denotes the number of wheels of order k in G(n,p). By
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the linearity of expectation,
- — (n), (k=1! 54
IEX:ZIEXk:Z< )kp( )
= = \k 2(k—1)
gs. nipb O

n n—4
2\k—1 4,6 21k & 4,6 €
<n n, =n n, < < 2n°p’ < = < ¢, 2
124( p°) p kgo( p°) — P’ <3 (2)

where in (2) we use the formula 3°, 7" = (1 — r)~! for the geometric series (G.S.)

of ratio r = np? < 1. Markov’s inequality then yields Pr[X > 1] <EX <. O

To show that every orientation of a wheel-free graph has a Seymour vertex, we
prove a slightly stronger result. A digraph is locally cornering if the outneighborhood
of each vertex induces a digraph with a sink (i.e., a vertex of outdegree 0). Note that
any vertex of minimum outdegree is a Seymour vertex in a locally cornering oriented
graph.

Proposition 7. Every locally cornering oriented graph has a Seymour vertex.
Lemma 6 and Proposition 7 immediately yield the following corollary.

Corollary 8. If p € (0,1), and n*pS < £/16, then Pr[G(n,p) € S] > 1 —¢.

Proof. Note that every orientation of a wheel-free graph is locally cornering, since
the (out)neighborhood of each vertex is a forest, and every oriented forest has a

vertex with outdegree 0. Hence the result follows by Lemma 6 and Proposition 7. [J

3 Typical graphs

In this section we prove that if limsup,,_,. p < 1/4, then a.a.s. G(n,p) € S. We use

a number of standard properties of G(n,p), stated for convenience in Definition 9.

Definition 9. Let p € (0,1). A graph G of order n is p-typical if the following hold.

(i) For every X C V(G), we have

e(X)— <|)2(’>p’ < |X|y/3np(1l —p) + 2n.

(i) Ifn'Inn <n” <norn’ =n" =n, then all disjoint X, Y C V(G) with | X[, |Y| <

n’ satisfy

[ e(X,Y) — X[V p| < \/6n"p(1 — p)|X|[Y]| + 20",

(iii) For every v € V(G), we have

|deg(v) — (n—1)p| < y/6np(l —p)lnn+ 21lnn.

(iv) For every distinct u,v € V(G), we have

|deg(u,v) — (n — 2)p*| < \/6np2(1 —p?)Inn + 21nn.
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It can be shown, using standard Chernoff-type concentration inequalities, that

G(n,p) is p-typical with high probability (see Appendix A).
Lemma 10. For every p: N — (0,1), a.a.s. G = G(n, p) is p-typical.
We also use the following property of graphs satisfying Definition 9 (7).

Lemma 11. Let G be a graph of order n which satisfies Definition 9 (i), and fix a € N.
If D is an orientation of G and B = {v € V(D) : deg},(v) < a}, then

[\

12n(1—p) 4n
p |Blp’

IBl|<=(a—1)4+1+

=

Proof. The lemma follows by multiplying all terms in the inequality below by 2/|B|p.

Bl(a—1) > e(GB) > (’f '>p —|Bl\/3np(1 - p) — 2n. =

3.1 Proof of Theorem 2

Let us outline the proof of Theorem 2. Recall that, by Corollary 8, we can assume
ntpd = Q(1). Firstly, we find a vertex w whose outneighborhood contains many
vertices with large outdegree. Then, we note that |[N'(w)| = ©(np) and that the
bipartite graph consisting of the edges joining vertices in N*(w) to vertices in N?(w)
cannot be too dense. Finally, since many outneighbors of w have large outdegree, we
conclude that N!(w) U N?(w) must contain at least 2| N!(w)| vertices, completing

the proof. This yields the following.

Lemma 12. Fix 0 < o < 1/4 and € € (0,1). There is ny = ni(«,¢) such that S
contains all p-typical graphs of order n such that n > n; and en 23 < p <1 /4 — a.

Lemma 12 is our last ingredient for proving Theorem 2. Indeed, fix € € (0, 1),
set & = 1/4 — limsup,,_,, p(n) and let ny be large enough so that p(n) < 1/4 — «
and so that G(n,p) is p-typical with probability at least 1 — ¢ for all n > ng (this is
Lemma 10). Now either p < en=2/3 or en=2/3 < p(n) < 1/4 — a. In the former case

we use Corollary 8, and in the latter case Lemma 12, concluding either way that
Pr[G(n,p) eS| >1—e.

Proof of Lemma 12. We may and shall assume (choosing n; accordingly) that np is
large enough whenever necessary. Now, let G be a p-typical graph of order n, and
fix an arbitrary orientation of G. For simplicity, we write G for both the oriented

and underlying graphs. Let
S={veV(Q):degt(v) < (1 —a)np/2}

and T' = V(G) \ S. Firstly, we show that |T'| > an/2. This is clearly the case if
|S| < an (since a < 1/4 < 1—a); let us show that this also holds if |S| > an. Indeed,
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since p > en~?/3, from Lemma 11 with a = (1 — a)np/2 we obtain

18] < 2(a—1) 12n(1 —p)  4n

+1+ _
P |S|p

(1—a)n+oln) < (1 - 3‘) n.

Therefore |T| = n — |S| > an/2 as desired. Recall that np is large and p < 1/4.
Then /3np(1 — p) > 4/, and hence, from Definition 9 (i) , we get

2
e(T) = ('Z')p— T]y/3np(1 - p) — 20> <|§|>p—2|T\/er> |T:|,)p, (3)

and therefore, by averaging, there exists w € T satisfying

e (T) (3) anp
6

2 (4)

We next show that w is a Seymour vertex. Let X = N} (w) and Y = N&(w), and
suppose, for a contradiction, that |Y| < |X|. From Definition 9 (7)) and p + o < 1/4,

we have
\X|§np+\/6npm+2lnn<n<p+g)<Z§;L(12a2p). (5)
Moreover,
|X| < np+6nplnn +2Inn < 2np. (6)

Recall that w € T and let N = X NT be the set of outneighbors of w in T'. By the
definition of NV and (4) we have

anp
[N > == (7)

Recall that € (N, X) counts arcs induced by N precisely once (as N C X), and if
the arc u — v is counted by € (N, X), then v is a common neighbor of w and u € N.

Hence, by Definition 9 (iv), we have that

€(N,X) < Y deg(w,u) < |N|(np® + 1/6np?Inn + 2Inn). (8)
ueN
Since vertices in 7' (and hence in N) have at least (1 — a)np/2 outneighbors, we have
1—
E(N,Y) > |N|(20‘)”p ~&(N, X)
@ ]N|m—|]\7|(n 2+ \/6np?Inn + 21nn) (9)
= B) p p .

The following estimate will be useful.

Claim 13. It holds that 2Inn + v/6np?Inn + /6]Y [np/[N| = o(np).

Proof. We prove that each term in the sum above is o(n) when divided by p. Clearly,
V6np2Inn/p = o(n). Recall that p > en~2/3 and thus (2Inn)/p = o(n). Also,

[Yion @ [1v]36 o [IXB6© [r2n _ o(n) .
INp = | ap? ap? ap

We divide the remainder of the proof into two cases. Fix v € (1/2,2/3).
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Case 1. Suppose firstly that p > n7~1/2. Since N NY = (), Definition 9 (7i) yields

E(N,Y) < e(N,Y) <|N|[Y|p+ /6np|N||Y] + 2n. (10)

Thus, combining (9) and (10), we have

(I —a)np 9 5 6np|lY| 2n
T—(np +4/6np?lnn+2Inn) < |Y|p+ N +W. (11)

Also note that since p > n?~1/2 and v > 1/2, we can estimate

2n (1) 12 24
<

— < =o(n). (12)

INlp = ap® ~ an?1-2

Finally, we conclude that w is a Seymour vertex, since (11) becomes

(I —a—2p)n 6n|Y| 2n 2Inn
Y| > —Vbénlnn
vl INlp [Nlp  p

*)
>

—

|3

(1 =20 —2p) < | X1,

~ N

where inequality (x) follows from Claim 13 and (12).

Case 2. Suppose now that p < n7~!/2. In this case (6) implies | X| < n7. Since
NCX, NNY =0, and |Y| < |X]|, Definition 9 (%) (with n" = n” and n” = n71Inn)
yields

E(N,Y) < IN||[Y|p+ /6(n lnn)p|N|[Y| + 20" Inn
< |N||Y|p + /6np|N||Y |+ 2n" Inn. (13)

Now, from (9) and (13), we obtain the following inequality, which is analogous
o (11), but with the term 2n/|N| replaced by 2nY Inn/|N|.

1-— 6np|Y 2n71
(204)np — (p*n+\/6np2Inn +2Inn) < |Y|p + ni‘f’ | + n’NTn (14)

We claim that 2nY Inn/|N| = o(np). Indeed, since p > en~2/3 and v < 2/3, we have

2nYInn () 12nYInn 120" 1lnn < 12073 1nn

<
INlp = anp? ap?  ~

——— =ofn). (15)

We complete the proof of Case 2 by solving (14) for |Y| as in Case 1 (using Claim 13
and (15) to estimate 2n” Inn/|N|). O

3.2 Proof of Theorem 4

We are now in a position to prove Theorem 4, which we restate for convenience.

Theorem 4. Let p: N — (0,1), and let G = G(n,p). If D is chosen uniformly at

random among the 2¢(¢) orientations of G, then a.a.s. D has a Seymour vertex.



190

191

192

193

194

195

196

197

198

199

209

210

211

Proof of Theorem 4. Let G = G(n,p). If p < 1/5, then Pr[G € S] =1 —o0(1) by
Theorem 2. On the other hand, if p > 1/5, then standard concentration results for
binomial random variables (e.g., Chernoff-type bounds) yield that every ordered
pair (u,v) of distinct vertices of G satisfies, say deg(u,v) > n/50, and hence with
probability 1 — o(1) every such pair is joined by a directed path of length 2. This
is because building a random orientation of G(n,p) is equivalent to first choosing
which edges are present and then choosing the orientation of each edge uniformly
at random, with choices mutually independent for each edge. In other words, with
probability 1—o(1), for all u € V(G) we have V(G) = {u}UN(u)UN?(u). Finally, by
averaging outdegrees, we can find a vertex z € V(D) with outdegree at most (n—1)/2,
because > ey (p) degh(v) = e(D) < n(n —1)/2. Such z is a Seymour vertex as
desired. O

3.3 Orientations with large minimum outdegree

Our last result in this section yields yet another class of orientations of p-typical
graphs which must always contain a Seymour vertex. In fact, we consider a larger
class of underlying graphs, showing that if a graph G satisfies items (%) and (i) of
Definition 9, then every orientation D of G with minimum outdegree 6+ (D) = Q(n'/?)
contains a Seymour vertex. This may be useful towards extending the range of p for
which a.a.s. G(n,p) € S.

Lemma 14. Fix 8 > 0. There exist a constant C = C(f) and nyg = no(8) such
that the following holds for all n > ng and p < 2/3 — . If G is a graph of order n
that satisfies items (i) and (7i) of Definition 9, then every orientation D of G for
which 6 (D) > Cn!/? has a Seymour vertex.

Note that Lemma 14 and Lemma 10 immediately imply Theorem 3.

Proof of Lemma 14. Since (1 — 3p/2) > 33/2, we may fix C' > 4 so that

(1—%]3)0— <\/3p(1—p)+\/6p(1—p)) > %742 1.

Fix v € V(D) with degh(v) = §7(D), let X = N'(v) and Y = N%(v). We shall
prove that |X| < |Y|. Suppose to the contrary that |Y| < |X|. By Definition 9 (),

f06Y) = X o (@) o3) 2 1XP ~ (P2 ) fonn(t =)+ 20)
aceX
= (1 — g) |X|? - (|X|\/3np(1 —p)+ 2n), (16)

and by Definition 9 (ii) (with n’ = n” = n) we have

E(X.Y) < e(X,Y) < |X[[Y]p+ /6np(1 - p)| X|[Y] +2n

< |X[’p+ |X|\/6np(1 — p) + 2n. (17)
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Since | X| > Cn'/? > n'/2, combining (16) and (17) yields the following contradiction.

4n > (1 — %)\XF - ]X](\/Zinp(l —p)+ \/an(l —p))
> Cn ((1—32]))0— (\/Bp(l—p)+\/6p(1—p))) > 4n. 0

4 Typical orientations of weakly bijumbled graphs

In this section, we focus on a well-known class of pseudorandom graphs (that is,
deterministic graphs which embody many properties of G(n,p) ), and argue that
almost all of their orientations contain a Seymour vertex. The following results
concern graphs of order n and density p, where Cn™1/2 < p < 1—¢,and C = Ce) >0

depends only on the constant ¢ > 0.

Definition 15— (p, a)-bijumbled. Let p and a be given. We say that a graph G
of order n is weakly (p,a)-bijumbled if, for all U, W C V(G) with UNW = 0
and 1 < |U| < |W| < np|U|, we have

(U W) — p|U|[W]| < on/U[IW]. (18)

If (18) holds for all disjoint U, W C V(G), then we say that G is (p, a)-bijumbled.

We note that the random graph is a.a.s. (weakly) bijumbled.
Theorem 16 —Lemma 3.8 in [11]. For any p : N — (0, 1], the random graph G(n,p)
is a.a.s. weakly (p, A,/np)-bijumbled for a certain absolute constant A < e21/6.

In what follows, A shall always denote the constant from Theorem 16. A simple
double-counting argument shows the following.

Fact 17. If G is weakly (p, «)-bijumbled, then for every U C V(G) we have

R

The next lemma lists the remaining properties of weakly bijumbled graphs which

< alU|. (19)

we use.

Lemma 18. There exists a universal constant C > 1 such that if A > 2 and
e, p € (0,1) are such that e3np? > A%C, then every weakly (p, A\/np)-bijumbled

graph G of order n satisfies the following properties.
(i) |{v € V(Q) : | deg(v) — np| > enp}| < en.

(i) For every orientation of G and every integer d, we have

v € V(G) : degt(v) < d} | §2d;1+2A\/Z+1

Proof. Let G be as in the statement. We may and shall assume that C' is large
enough so that the required inequalities hold. Throughout this proof, W denotes
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the set of vertices with degree strictly below (1 — 2¢/3)np. Firstly, we prove (7). We
claim that |W| < en/2. Indeed, suppose the contrary and consider a subset W' C W
of size precisely en/2. By Fact 17, we have

2 2
(W) zp(mf) — Ay/np(en/2) =p(5”§2) (1 - 36A2)

e2np
(en/2)* e3np
= 1— 2)n3
Z Py 1—¢/2 e/’
> A np%u—s/mnzwnprvvw(n—|W'|>. (20)

Now, note that |V (G) \ W'| <n < A2Cn/(2¢%p) < en?p/2 = np|W’|, but
e(W' V(G)\W') < |W'|- (1 —2¢/3)np — 2e(W')
< |W'-(1—¢/2)np — 2e(W')
= p[W'|(n — [W']) — 2e(W’)

(20) , , ; ;
< W\ — (W) — Ay/npW?|(n — [W7)),

which contradicts the weak bijumbledness of G.

Similarly, we show that the set Z of vertices having degree strictly greater
than (1 + 2¢/3)pn satisfies |Z| < en/2, which together with the argument above
proves (i). More precisely, suppose |Z| > en/2, fix Z' C Z with |Z'| = en/2. We
claim that A,/np|Z’| and A\/np|Z’|(n — |Z']) are both small (constant) fractions
of p|Z’|?. Indeed, as |Z'|?> < |Z'|(n — |Z'|) < |Z'|n, it follows that

AVip|Z'| _ AvnplZ'|(n —[27) _ AVn®p|Z']

p‘Z’|2 p’Z/P p’Z"Q
A2 A?n? @2 8p
S\ plZ7B TV open/2)? TV O

where (1) is due to e3np? > C A%, Fact 17 and the previous inequalities imply

Z/2
e(Z) < ])\2| + Ay/np|Z'|
1 8p
Z/2 - r
<pl|Z'| <2+\/C>
1 [32p
N2 | = ! !
<2 (2+\/C> Aynp|Z/)(n ~ |2/))

<p|Z']? — AyJnp|Z'|(n — | Z1)).

Analogously, we have |V (G) \ Z'| < np|Z’|, but
e(Z'\V(G)\ Z") > (1+ 2¢/3)np|Z'| — 2e(Z")
1 2
2|0~ 12') + (5 + 5 ) enpl 2|~ 26(2)

> p|Z'|(n—|Z'|) + 2p|Z'|* — 2e(Z")

> p|Z/|(n— | Z']) + Ay/np| Z/|(n — | Z1)),

10
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which is again a contradiction to Definition 15. This concludes the proof of (7).
To prove (ii), fix an orientation D of G' and put X = {v € V(G) : deg},(v) < d}.
Fact 17 then yields the desired inequality:

X](d—1) > Y deggyy(v) = e(GLX]) > (’)2( '>p— AymplX| O

veEX
4.1 Almost all orientations of weakly bijumbled graphs

In this section we show that almost every orientation of a weakly bijumbled graph

contains a Seymour vertex.

Theorem 5. For every A > 0, there exists a constant C = C(A) > 1 such that
the following holds for every p,e € (0,1) and n € N satisfying 3np? > A%C and
p < 1—13y/e. Let G be a weakly (p, A\/np)-bijumbled graph of order n. If D is

(@)

chosen uniformly at random among the 2~/ possible orientations of G, then D has

a Seymour vertex with probability at least 1 — 27",

Proof. We may and shall assume that A2C, and hence n, is larger than any given
absolute constant. Let V' = V/(G), and fix an arbitrary orientation of G. For
simplicity, we write G for both the oriented and underlying graphs. Let BAD = {v €
V(Q) : deg™ (v) < 2y/enp}. By Lemma 18 (ii), we must have

\BAD\§W+2A\/W+1<5\@M
p p

Put U = V \ BAD.

Claim 19. There exists w € U such that
degl(w) < n/2 — /en.

Proof. Recall that p < 1 — 13,/c. Hence € < 1372 < 1 and

(1—;5)p+5\/g<(1+£)(12—13\@)+5\@<1—22\/E' o

Note also that e3np? > A2C yields A < \/e3np?/C. Hence,

Ay/np < enp %? < 8% (22)

By Fact 17, we have

e(GU)) _ p<|U\
o S\ 2

U (22)
> +Ay/np < p|2’+A\/np < (1+5)%. (23)

Owing to (23), averaging the outdegrees of vertices in U yields that some w € U
satisfies degg[U] (w) < e(G[U])/|U| < (1 +¢)np/2. Hence,
degl(w) < degg[U] (w) + | BAD |
1 2 (1-2
- (+2€>"p L 5En 2 <2f€>n o

11
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Note that since we picked an arbitrary orientation of G, the vertex w given by
Claim 19 exists for any such orientation. To conclude the proof, we next show that
in a random orientation of G almost surely every vertex in U is an (1 — 24/¢)-king,
where a vertex v is said to be a A-king if the number of vertices z for which there

exists a directed path of length 2 from v to z is at least An.

Claim 20. In a random orientation of GG, the following holds with probability at
least 1 —27". For each X C V(G) with | X| = 2\/enp, we have |[NL(X)| > (1-2/)n,
where N&(X) = Uex N&(2).

Proof. Note that for all X, Y C V(G), there exist X’ C X and Y’ C Y such that
X'NY =0 and |X'| =|X|/2 and |Y'| =|Y]|/2. Fix X C V(G) with |X| = 2\/enp.
If we choose Y such that |Y| = 2\/en, then |X'| < |Y'| = /en < /en?p? = np|X'|
because np? > A%2C/e® > 1. Hence, as G is weakly bijumbled,

e(X,Y)>e(X,Y') > p|X4HY| B A np|X\|Y|. (24)

Let £x denote the ‘bad’ event that |N&(X)| < (1 — 2y/€)n, so Ex occurs if and only
if there exists Y C V(@) with |Y| = 2y/en such that €(X,Y) = 0. For any X such
that | X| = 2y/enp, summing over all Y of size 2,/en yields

(24) n
Pr[€x] < 9—e(XY) "< ( >ex In2)(en“p® — Ay/en3p
x) <3 /e ) P (—(2)(en®? )

< exp (271[111 (2\[> — (In2)en?p? (1 - \%))

< exp (271[ (2\[) — (In2)en?p? (1 - \%))
< exp(—2(In2)n) (25)

using that enp? > A?2Ce~2 > 12 and that 5/\@ <Cc V2 < 1/2 because € < 1 and
C is a large constant. Taking a union bound over all X of size 2/enp, we see that

with high probability no bad event occurs, since
(25)
> PrEx] < 2"exp(—2(In2)n) =27",
X

and the claim holds as required. o

To complete the proof, we now show that the vertex w given by Claim 19 is a
Seymour vertex in any orientation of G that satisfies the property shown in Claim 20.
By Claim 19, we have deg™ (w) < (1 — 24/€)n/2. Moreover, since w ¢ BAD, we have
deg™ (w) > 2,/enp, and hence Claim 20 implies that

INL(NE(w))| > (1 —2¢/2)n > 2deg™ (w).
Therefore, we have
|N&(w)| = [Ng(Ng(w))| — degd (w) > deg(w) = [Ng(w)]. O

12
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5 Concluding remarks

In this paper we confirmed Seymour’s Second Neighborhood Conjecture (SNC) for a
large family of graphs, including almost all orientations of (pseudo)random graphs.
We also prove that this conjecture holds a.a.s. for arbitrary orientations of the
random graph G(n,p), where p = p(n) lies below 1/4. Interestingly, this range of p
encompasses both sparse and dense random graphs.

The main arguments in our proofs lie in finding a vertex w of relatively low
outdegree whose outneighborhood contains many vertices of somewhat large outdegree.
Since outneighbors of w cannot have small common outneighborhood, we conclude
that | N2(w)| must be large.

Naturally, it would be interesting to extend further the range of densities for
which arbitrary orientations of G(n, p) satisfy the SNC.

It seems likely that other classes of graphs, such as (n, d, \)-graphs, are susceptible
to attack using this approach. Theorem 4 is also a small step towards the following

weaker version of Conjecture 1.

Question 21. Do most orientations of an arbitrary graph G satisfy the SNC?
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A Proof that G(n,p) is p-typical (Lemma 10)

In this section, we show that G(n, p) satisfies the standard properties of Definition 9.
To simplify this exposition, we make use of Lemma 22 below. Let B ~ B(/N,p) denote
that B is a binomial random variable corresponding to the number of successes in IV

mutually independent trials, each with success probability p.

Lemma 22. For all N € N, all p € (0,1) and all positive z, if B ~ B(N,p) then

Pr[|B — Np| > {/6Np(1 — p)z + 22| < 2exp(—3z).

Lemma 22 follows from the following Chernoff inequality (see [12, Lemma 2.1]).

Lemma 23. Let X ~ B(N,p) and 62 = Np(1 — p). For all t > 0 we have

2
Pr[|X —EX]| > t] < 2exp <_2(02t+75/3)> :

Proof of Lemma 22 using Lemma 23. Let 0> = Np(1 —p) and t = /22 + 6x02 + .
Since (t — z)? = 2% + 6202, we have t? = 2tz + 6x0% = 62(0? + t/3). By Lemma 23,

2
Pr||B—FE B| >t| <2 — | =2 —3x). 26
(] | > 1] eXp( 2(02+t/3)> exp(—3) (26)
Since t < V602x + 2x, we have
26
Pr[|B —E B| > V6o2z + 2z] < Pr[|B —E B| > t| (<) 2 exp(—3x). O

We next show that G(n,p) is p-typical. The properties in Definition 9 follow by

choosing = in Lemma 22 so as to make the appropriate union bound small.
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Lemma 10. For every p: N — (0,1), a.a.s. G = G(n,p) is p-typical.

Proof. We will show that a.a.s. (7)-(iv) of Definition 9 hold. Given a random
variable Z and = > 0, let 1(Z, z) be the indicator variable of the ‘bad’ event

|Z —EZ| > +/6x Var(Z) + 2z,

where Var(Z) is the variance of Z. By Lemma 22, if Z ~ B(N, p) then
E(1(Z,z)) = Pr[1(Z,z) = 1] < 2exp(—3x). (27)
Firstly, we show that a.a.s. (i) holds. For each X C V(G), let Zx = e(X) and let

Z*= Y 1(Zx.n),

XCV(G)

taking z = n. Note that Zx ~ B((lg‘),p) for all X. By linearity of expectation,

EZ" = > E(l(Zx.n) (2<7) > 2exp(—3n) = 2" exp (—3n) = o(1).

Xcv(@) XCv(@)
Since Z* > 0 (it is the sum of indicator random variables), we may use Markov’s
inequality, obtaining Pr[Z* > 1] <E Z* = o(1).

A similar calculation, considering in turn deg(v) or N(u) N N(v) instead of e(X),
proves that each of the items (7ii) and (iv) fails to hold with probability o(1), taking =
as Inn in both cases, and taking union bounds over n or (g) events respectively.
Hence G(n, p) satisfies properties (i), (iii) and (iv) with probability 1 — o(1).

The strategy to prove (i) is similar to the above, but calculating the number
of events in the union bound is slightly more involved. Note that the statement is
trivially true if either X or Y is empty, so we may suppose otherwise. In particular,
we may assume that n’ > 1. We have two cases to consider, according to which
of the hypotheses of (ii) is satisfied by n’ and n”. If n’ = n” = n, then (as above)
we consider e(X,Y) in place of e(X), let x = n and take a union bound over 2"

22" events as we only consider disjoint sets).

events (there are in fact fewer than
Otherwise, if 1 < n'lnn < n” < n, let Q be the set of pairs {X,Y} of disjoint
sets with X,Y C V(@) and |X|,|Y| < n/, and we have |Q| < (X1, (?))2 Since

i <n' < n/2 for sufficiently large n, we have () < () < (en/n’ )”/ and therefore

o= (S (1)) < (v(0)) < (# (%)) < omenta rany

By Lemma 22, for each {X,Y} € Q we have Pr[l(e(X,Y),n")] < 2exp(—3n").
Applying Markov’s inequality to Z* = 31y yyeq 1(e(X,Y),n"), we obtain

2

Pr[Z* > 1] <E Z* < exp(2n/(1 4+ 1nn)) - 2exp(—3n") < 2exp(—n"/2) = o(1),

where we use that Inn < n'lnn < n”. O
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