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Abstract— This article examines the problem of area coverage
for a network of mobile robots with imprecise agent localization.
Each robot has uniform radial sensing ability, governed by first
order kinodynamics. The convex-space is partitioned based on
the Guaranteed Voronoi (GV) principle and each robot’s area of
responsibility corresponds to its GV-cell, bounded by hyperbolic
arcs. The proposed control law is distributed, demands the
positioning information about its GV-Delaunay neighbors and
has an inherent collision avoidance property.

Index Terms— Robot swarms, Unmanned systems

I. INTRODUCTION

The problem of area coverage by a swarm of mobile robots
is one of great interest during the last years. Autonomous
robotic agents with on board sensors disperse in areas of
interest in order to detect important events. The outmost goal
is the development of distributed algorithms which have a
low computational cost, and can easily adapt to changes in
the robot swarm topology, while rely only on information
from neighboring agents (and not demand global network
information) in order to lead the agents to optimal positions.
In these cases the agents are equipped with radio transceivers
in additions to their sensors, in order to exchange crucial
information with neighboring nodes [1], [2], [3], [4].

Several distributed coordination algorithms have been de-
veloped, both for dynamic [5] and static coverage problems
[6]. The agents’ sensors in the majority of the literature are
assumed to have uniform radial sensing patterns [7], [8].
There have been extensions amending for disc footprints of
unequal radii [9], [10] as well as arbitrary sensing ones [11].
Although most commonly the region of interest is convex,
non convex regions and/or domains containing obstacles have
been studied [1].

Control laws for area coverage [12], [13] can be enhanced
to account for the positioning uncertainty of the agents’
nodes based on the Guaranteed Voronoi tessellation [14] and
a gradient ascent control law.

The article is organized as follows. The main assumptions,
mathematical preliminaries and introduction to Guaranteed
Voronoi partitioning are presented in Section II. The Guar-
anteed Voronoi diagram when the nodes are assumed as disks
is examined in detail in Section III and a distributed control
law is presented in Section IV that increased the network’s
coverage performance through its evolution. Simulation stud-
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ies indicating the efficiency of the proposed scheme are
presented in Section V, followed by concluding remarks.

II. PROBLEM STATEMENT

A. Main assumptions - Preliminaries

Let Ω ⊂ R2 be a compact convex region under surveil-
lance. Assume a swarm of n dimensionless mobile robots.
The robots’ location is not known precisely but each robot is
guaranteed to be within a positioning uncertainty circle Cu

i
with center xi and radius ru

Cu
i (xi,ru) = {x ∈ Ω :∥ x− xi ∥≤ ru} , i ∈ In, (1)

where ∥ · ∥ corresponds to the Euclidean metric and In =
{1, . . . ,n}. The radius ru is common among all robots, that
is all robots have a common positioning error.

The individual robot’s motion is considered to be con-
trolled via its velocities as

ẋi = ui, ui ∈ R2, xi ∈ Ω, i ∈ In, (2)

where ui is the corresponding control input for each
robot (node).

As far as the sensing performance of the nodes is con-
cerned, all members are assumed to have identical range–
limited uniform radial sensing footprints defined as

Cs
i (xi,rs) = {x ∈ Ω :∥ x− xi ∥≤ rs} , i ∈ In, (3)

where rs is the common sensing radius of the members of
the network.

We define the guaranteed sensing region of a node with
positioning uncertainty Cu

i and sensing footprint Cs
i as

Cgs
i (Cu

i ,C
s
i ) =

{⋂
xi

Cs
i (xi,rs), ∀xi ∈Cu

i

}
, i ∈ In

Since both Cu
i and Cs

i are circular disks, it can be shown that

Cgs
i (xi,ru,rs) = {x ∈ Ω :∥ x− xi ∥≤ rs − ru} , i ∈ In, (4)

where xi is the center of Cu
i .

B. Voronoi Diagram

When the nodes’ positions are known precisely, that is
(ru = 0, i ∈ In), the space can be assigned among the nodes
via the Voronoi tessellation [15]. The responsibility region
(Voronoi cell) for an agent is defined as the part of the space
that is closer to that agent than any other agent of the team
(in the Euclidean sense) as

Vi =
{

x ∈ Ω : ∥x− xi∥ ≤
∥∥x− x j

∥∥ , ∀ j ∈ In, j ̸= i
}
, i ∈ In.
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Fig. 1: Voronoi diagram (left) for 6 dimensionless nodes,
with its equivalent Guaranteed Voronoi diagram (right) in
the case of disks (centered on those points).

The Voronoi diagram for a set of 6 nodes is shown graphi-
cally in the left part of Figure 1.

The main tessellation properties of the Voronoi diagram
that are of particular interest are summarized as: a)

⋃
i∈In Vi =

Ω, and b) Int(Vi)∩ Int(Vj) = ∅, ∀i, j ∈ In, i ̸= j, where
Int(·) is the interior of the set–argument. Equivalently to
the Voronoi diagram, one can define the Delaunay neighbors
of a node i, denoted as Ni, as

Ni =
{

j ∈ In, j ̸= i : Vi ∩Vj ̸= /0
}
, i ∈ In, (5)

which are the nodes of the network whose Voronoi cells
share an edge with that of node i.

C. Guaranteed Voronoi Diagram

The Guaranteed Voronoi diagram (GV) is defined for a set
of uncertain regions D =

{
D1, . . . ,Dn, Di ⊂ R2

}
, i.e. each

uncertain region contains all the possible locations of a point
xi ∈ R2. A cell V g

i is assigned at each uncertain region so
that it contains the points of the plane that are closer to xi
for any possible configuration of the points x1, . . . ,xn i ∈ In.
Thus the set of points in the plane that are at least as close
to region Di as region D j, in a guaranteed sense, is

Hg
i j =

{
x ∈ Ω : ∥x− xi∥ ≤

∥∥x− x j
∥∥ , ∀xi ∈ Di, ∀x j ∈ D j

}
. (6)

The cell of the set Di is then defined as the intersection of
all Hg

i j as

V g
i =

⋂
j ̸=i

Hg
i j

= {x ∈ Ω : max∥x− xi∥ ≤ min
∥∥x− x j

∥∥
∀ j ∈ In, j ̸= i, xi ∈ Di, x j ∈ D j

}
(7)

Similarly to the Delaunay neighbors Ni, we can define the
Guaranteed Delaunay Neighbors Ng

i as

Ng
i =

{
j ∈ In, j ̸= i : ∂Hi j ∩∂V g

i ̸= /0
}

(8)

which are the nodes of the network that influence ∂V g
i .

Remark 1: The GV–diagram has the following properties:
a)
⋃

i∈In V g
i ⊆ Ω, and b) V g

i ⊆ Vi ∀i ∈ In. Since the GV is
not a complete tessellation of the space Ω, let the neutral
zone O

△
= Ω \

(
∪i∈InV g

i

)
correspond to the set of points of

the space under consideration not assigned at any node of
the network.

III. GUARANTEED VORONOI DIAGRAM OF DISKS

When the uncertain regions Di are disks, that is Di =
Cgs

i (xi,ru,rs), it is shown [14] that ∂Hg
i j and ∂Hg

ji are the two
branches of a hyperbola with foci at xi and x j and eccentricity

e = ∥xi−x j∥
rd
i +rd

j
=

∥xi−x j∥
2rd . Graphically, the Guaranteed Voronoi

diagram for a set of 6 disks is shown in the right part
of Figure 1, compared to the one for the case of non–
dimensional nodes (Voronoi diagram, at left part).

Remark 2: In the particular case of uncertain disks, ∂Hg
i j

and ∂Hg
ji are the two branches of the same hyperbola (even

when rd
i ̸= rd

j ) and are thus symmetric with respect to the
perpendicular bisector of xix j.

Remark 3: In the case of uncertain disks, it has been
proven [14] that Ng

i ⊆ Ni with Ng
i = Ni being always true

when Ω=R2. It is clear from Figure 1 that while nodes 1 and
5 are Delaunay neighbors in the Voronoi diagram, they aren’t
Guaranteed Delaunay neighbors in the GV diagram when it
is calculated for a region Ω of finite size. Since there are
already simple O(n log2 n) algorithms for the computation
of Ni, whereas the computation of Ng

i is more complex,
the Delaunay neighbors can be used for the creation of the
Guaranteed Voronoi diagram.

The dependence of the GV cells of two disks on the
distance of their centers di j = d(xi,x j) is as follows. When
the disks Ci,C j, overlap both of the cells V g

i ,V
g
j are empty as

seen in Fig 2 (a). When the disks Ci,C j are outside tangent,
the resulting cells are rays starting from the centers of the
disks xi,x j and extending along the direction of xix j as seen
in Fig 2 (b). When the disks are disjoint, the GV cells are
bounded by the two branches of a hyperbola. As di j increases
further, the eccentricity of the hyperbola increases and the
distance of the disk centers from the hyperbola vertices (the
points of the hyperbola closest to it’s center) increases as
seen in Fig 2 (c), (d). This results in an increase of the area
of V g

i covered by Cgs
i . The distance between the hyperbola’s

vertices remains constant at 2rd as di j increases.
The GV cells of two disks also depend on the sum of

their radii ru
i + ru

j as seen in Figure 3. As ru
i + ru

j decreases,
the eccentricity of the hyperbola increases and the result on
the cells is the same as if the distance of the disks’ centers
increased, as explained previously. When ru

i +ru
j = 0, the GV

cells are the classic Voronoi cells.
With this assumption the area of the total region of Ω

surveyed by the network is

H = A

(
Ω∩

⋃
i∈In

Cgs
i

)
= ∑

i∈In

A
(
V gs

i

)
, (9)

where A (·) is the area function of the set–argument, while
the sets V gs

i defined as

V gs
i =V g

i ∩Cgs
i , i ∈ In, (10)

are the parts of the guaranteed Voronoi cells that are sensed
by the nodes themselves.



(a) (b)

(c) (d)

Fig. 2: Dependence of the GV cells on
∥∥xi − x j

∥∥.

Fig. 3: Dependence of the GV cells on ru
i + ru

j .

IV. SPATIALLY DISTRIBUTED COORDINATION
ALGORITHM

Based on the kinematic model of the nodes (2), their
guaranteed sensing regions (4), and the coverage–oriented
criterion under consideration (9), a distributed control action
is designed in order to lead the mobile team towards a
coverage optimal configuration. The control development
takes into account the way that the space is partitioned
and assigned among the nodes, which relies on the nodes’
positioning uncertainty.

A. Coverage control law development

Let the “guaranteed coverage objective” be written in
integral form as

H = ∑
i∈In

∫
V gs

i

φ (x)dx = ∑
i∈In

∫
V g

i ∩Cgs
i

φ (x)dx = ∑
i∈In

Hi, (11)

expressing the total area covered by the nodes in their cells of
responsibility, assigned via Guaranteed Voronoi partitioning
(7). The function φ : R2 → R+ is related to the a–priori
knowledge of importance of a point x ∈ Ω indicating the
probability of an event to take place at x in a coverage
scenario.

Theorem 1: Considering a mobile sensor network consist-
ing of nodes with uniform range–limited radial performance
as in (3), governed by the individual robot’s kinodynamics
described in (2), and the GV–partitioning of Ω defined in

(II-C), the coordination scheme

ui = αi

∫
∂V gs

i ∩∂Cgs
i

ni φ dx+

αi ∑
j∈Ng

i

[∫
∂V gs

i ∩∂Hi j

υ̃
i
i ñi φ dx+

∫
∂V gs

j ∩∂H ji

υ̃
i
j ñ j φ dx

]
(12)

where ni is the outward unit normal on ∂V gs
i and αi a positive

constant, maximizes the performance criterion (11) along
the nodes’ trajectories in a monotonic manner, leading in
a locally area–optimal configuration of the network.

Proof: Considering (11) and taking into account that
the sets V gs

i , i∈ In are mutually disjoint, the partial derivative
of H with respect to xi is written as

∂H

∂xi
=

∂

∂xi

∫
V gs

i

φdx+ ∑
j∈Ng

i

∂

∂xi

∫
V gs

j

φdx.

Considering the second summation term, infinitesimal mo-
tion of xi may only affect ∂V gs

j at ∂V gs
j ∩ ∂O , where O is

the neutral area defined in Remark 1, since both hyperbola
branches are affected by alteration of one of the foci. In
addition, only the Guaranteed Delaunay neighbors (8) of i
are considered in the summation, as a major property of GV–
partitioning. Therefore, the former expression can be written
via the generalized Leibniz integral rule [16] (by converting
surface integrals to line ones) as

∂H

∂xi
=
∫

∂V gs
i

υ̃
i
i ni φdx+ ∑

j∈Ng
i

∫
∂V gs

j ∩∂O
υ̃

i
j n j φdx,

where υ̃ i
i , υ̃

i
j stand for the transpose Jacobian matrices with

respect to xi of the points x ∈ ∂V gs
i , x ∈ ∂V gs

j , respectively,
i.e.

υ̃
i
j (x)

△
=

∂x
∂xi

T

, x ∈ ∂Ṽ gs
j , i, j ∈ In. (13)

The boundary ∂Ṽ gs
i can be decomposed in disjoint sets as

∂V gs
i =

{
∂V gs

i ∩∂Ω
}
∪
{

∂V gs
i ∩∂Cgs

i

}
∪
{

∂V gs
i ∩∂O

}
.

(14)
These sets represent the parts of ∂V gs

i that lie on the
boundary of Ω, the boundary of the node’s sensing region,
and the boundary of the unassigned region of Ω, respectively.
This decomposition is shown in Figure 4 with ∂V gs

i ∩∂Ω in
green, ∂V gs

i ∩∂Cgs
i in solid red and ∂V gs

i ∩∂O in solid blue.
Hence ∂H

∂xi
can be written as

∂H

∂xi
=

∫
∂V gs

i ∩∂Ω

υ̃
i
i ñi φ dx+

∫
∂V gs

i ∩∂Cgs
i

υ̃
i
i ñi φ dx+∫

∂V gs
i ∩∂O

υ̃
i
i ñi φ dx+ ∑

j∈Ng
i

∫
∂V gs

j ∩∂O
υ̃

i
j ñ j φ dx. (15)

It is apparent that υ̃ i
i = 0 at x ∈ ∂V gs

i ∩Ω since all x ∈ ∂Ω

remain unaltered by infinitesimal motions of xi, assuming
no alteration of the environment. Considering the second
integral, for any point x ∈ ∂Ṽ gs

i ∩∂Cgs
i it holds that υ̃ i

i (x) =
I2, where I stands for the identity matrix, since they translate
along the direction of motion of xi at the same rate. As far as



Fig. 4: The decomposition of ∂V gs
i into disjoint sets (solid

red, green and blue).

the sets ∂V gs
i ∩ ∂O and ∂V gs

j ∩ ∂O, j ∈ Ng
i are concerned,

they can be merged in pairs via utilization of the left and
right hyperbolic branches, as introduced in GV–partitioning
(7), as follows∫

∂V gs
i ∩∂O

υ̃
i
i ñi φ dx+ ∑

j∈Ng
i

∫
∂V gs

j ∩∂O
υ̃

i
j ñ j φ dx =

∑
j∈Ng

i

[∫
∂V gs

i ∩∂Hi j

υ̃
i
i ñi φ dx+

∫
∂V gs

j ∩∂H ji

υ̃
i
j ñ j φ dx

]
(16)

However, for any two Delaunay neighbors i, j it can be
observed that

• The hyperbolic branches ∂Hi j and ∂H ji are symmetric
with respect to the perpendicular bisector of xi,x j, and
are governed by the same set of parametric equations
(left and right branch).

• The vectors n j are mirrored images of the corresponding
ni with respect to the perpendicular bisector of xi,x j.

Taking into account the above, ∂H
∂xi

can be written as

∂H

∂xi
=

∫
∂V gs

i ∩∂Cgs
i

ni φ dx+

∑
j∈Ng

i

[∫
∂V gs

i ∩∂Hi j

υ̃
i
i ñi φ dx+

∫
∂V gs

j ∩∂H ji

υ̃
i
j ñ j φ dx

]
(17)

The unit normal vectors ni,n j and Jacobian matrices υ i
i ,υ

i
j

in the second part of (17) can be evaluated via utilization
of the parametric representations of the sets over which
the integration takes place. These sets are parts of the left
(∂Hi j) and right (∂H ji) branch of the hyperbola that assigns
the space among two arbitrary nodes i, j. The second term
of the sum in (17) requires knowledge of all the nodes in⋃

j∈Ng
i

Ng
j ⊆ In and so the control law is distributed.

The decomposition of the set ∂V gs
i ∩ ∂O of node i into

mutually disjoint hyperbolic arcs ∂V gs
i ∩ ∂Hi j and ∂V gs

i ∩
∂Hik is shown in Figure 5. Figure 5 also shows the other
domains of integration used in (17) ∂V gs

i ∩∂Cgs
i , ∂V gs

j ∩∂H ji

and ∂V gs
k ∩∂Hki.

Fig. 5: The domains of integration of the control law (12).

The proposed law (12) leads to a gradient flow of H along
the nodes trajectories, while H increases monotonically,
since

dH

dt
= ∑

i∈In

∂H

∂xi
· ẋi = ∑

i∈In

∥ui∥2 ≥ 0.

Remark 4: The resulting control law further distances
nodes i and j, since these move in a direction away from
the bisector of xix j.

Consider the example of Figure 6 where the dotted hyper-
bolic branch of node i has been moved so that its relative
position with the node’s center is the same in order to show
the change in sensed area. It can easily be shown that the
integral over ∂V gs

i ∩∂Cgs
i of the control law will always result

in a direction of movement for node i away from the bisector
of xix j. It is also evident from the same figure that as node i
moves away from node j, the area of their cells V g

i ,V
g
j also

increases. As a result the covered area of both agents V gs
i

and V gs
j increases and the integrals over ∂V gs

i ∩ ∂Hi j and
∂V gs

j ∩ ∂H ji result in a direction of movement for agent i
away from the bisector, since the control law guarantees that
each node’s covered area will increase monotonically.

Fig. 6: Sensed area change for a relative motion of the left
node.

Remark 5: The proposed control law can adapt to in-
sertion, removal or immobilization of one or more of the
network’s nodes due to its distributed nature. It can also
adapt to simultaneous changes to all agents of their common
sensing radius rs.

Conjecture 1: The computationally efficient suboptimal
control law

ui = αi

∫
∂V gs

i ∩∂Cgs
i

ni φ dx (18)



leads the nodes to suboptimal trajectories while maintaining
monotonous coverage increase and collision avoidance.

As shown earlier, the direction of the vectors resulting
from the integrals over ∂V gs

i ∩∂Cgs
i , ∂V gs

i ∩∂Hi j and ∂V gs
j ∩

∂H ji of (12) is the same with respect to the bisector of xix j.
Thus keeping only the first term of (12) will also result in a
movement of node i away from the bisector.

V. SIMULATION STUDIES

A network of n = 10 agents with common positioning
uncertainty circle radius ru = 0.05 and common sensing
radius rs = 0.3 was used in the simulations. The a-priori
importance was φ(x) = 1, ∀x ∈ Ω The region Ω under
consideration is the same as in [10]. The initial network
configuration for all the case studies is shown in Figure 7.
For these simulation studies the suboptimal control law (18)
was used.

Fig. 7: Initial network configuration for all case studies.

A. Case Study I

The agents start concentrated in one corner of Ω and
spread until they reach a local maximum of the objective
(11). We observe that the agents that move first are those on
the ”boundary” of the group, thus allowing the rest of the
agents to move without collisions. Some of the agents slide
along the boundary of Ω resulting in the linear trajectories
that can be seen in Figure 8. This is expected behavior since
the nodes move away from each other while at the same time
increasing their respective covered area. If a node moved
in a way that resulted in it’s sensing region to be partially
outside Ω, it’s covered area would decrease and so the nodes’
sensing regions slide along the boundary of Ω. In the final
network configuration as seen in Figure 8 all of the agent’s
sensing regions are completely contained within their GV
cells and thus the maximum possible coverage is achieved.
This is not guaranteed to happen in every situation as the
control law leads the network to a local maximum of the
objective function. In Figure 10 we observe that the covered
area increases monotonically as was expected.

B. Case Study II

The initial network configuration is the same as in Case
Study I. At some point during the simulation before conver-
gence, one of the agents stops moving while still having a
functioning sensor, simulating a motor failure. Despite this,

Fig. 8: Case Study I [Left]: Agents’ disk-center trajectories.
[Right] Final network configuration.

the other agents achieve area coverage and avoid collisions
between them and with the immobilized agent. As it is
expected, the network takes longer to converge since the
agents have to move around the immobilized one. Because
of the immobile agent, the coverage of Ω is 98.4 % of the
maximum possible as seen in Figure 10.

A video of the two case studies can be found in:
https://sotiris.papatheodorou.xyz/
papers/2016_MED_PST/2016_MED_PST.mp4

Fig. 9: Case Study II The immobilized agent is shown in red.
[Left]: Agents’ disk-center trajectories. [Right] Final network
configuration.

VI. CONCLUSIONS

The area coverage for a homogeneous network of mobile
robots with imprecise localization are examined in this arti-
cle. A gradient-ascent based scheme is used for area coverage
in conjunction with a Guaranteed Voronoi tessellation of the
area under surveillance. This control scheme has an inherent
collision avoidance property and no additional switching
control laws are required. Simulation studies are presented to
show the efficiency and robustness of the proposed control
method.
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