DE GRUYTER Comput. Methods Appl. Math. 2024; 24(3): 747-776 8

Research Article

Dongho Kim, Eun-Jae Park* and Boyoon Seo

Adaptive Multi-level Algorithm for a Class
of Nonlinear Problems

https://doi.org/10.1515/cmam-2023-0088
Received March 31, 2023; revised December 4, 2023; accepted February 7, 2024

Abstract: In this article, we propose an adaptive mesh-refining based on the multi-level algorithm and derive
a unified a posteriori error estimate for a class of nonlinear problems. We have shown that the multi-level
algorithm on adaptive meshes retains quadratic convergence of Newton’s method across different mesh levels,
which is numerically validated. Our framework facilitates to use the general theory established for a linear
problem associated with given nonlinear equations. In particular, existing a posteriori error estimates for the
linear problem can be utilized to find reliable error estimators for the given nonlinear problem. As applications
of our theory, we consider the pseudostress-velocity formulation of Navier—Stokes equations and the standard
Galerkin formulation of semilinear elliptic equations. Reliable and efficient a posteriori error estimators for
both approximations are derived. Finally, several numerical examples are presented to test the performance of
the algorithm and validity of the theory developed.
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1 Introduction

Adaptive mesh-refining plays an important practical role in accurate and efficient calculation of the numerical
solutions of partial differential equations. A posteriori error estimates are an essential ingredient of adaptivity.
They are composed of the known values such as the given data of the problem and the computed numerical
solutions. Various a posteriori error estimates for finite element methods for second-order elliptic problems
have already been studied in [1, 2, 8, 17, 19], for the Stokes problem in [9, 26], and for the Navier—Stokes problem
in [12, 14]. Particularly, the nonlinear elliptic equations were considered in [19]. There, a priori and a poste-
riori error estimates measured in the L™(Q)-norm in the framework of Brezzi-Rappaz—Raviart (BRR) (cf. [4])
were derived. The framework was designed for approximation of branches of nonsingular solutions for a class
of nonlinear problems. The theories developed by BRR were applied to study mixed approximation of scalar
elliptic problems with gradient nonlinearities in [16, 19]. The theories applied to the velocity-pressure formula-
tion of the Navier—Stokes equations can be found in [13]. The authors of [12, 14] constructed a posteriori error
estimators for the two-level method for the Navier—Stokes equations.

In this paper, we derive a unified a posteriori error estimate for the approximate solutions of the multi-
level algorithm developed in [22] for a class of nonlinear problems in the framework of BRR. The multi-level
algorithm using a two-grid idea is an efficient numerical method designed to resolve nonlinearities. The two-grid
algorithm (see [20, 27, 28]) is first applied, and in the subsequent process, uniform mesh refinement is exploited
to deliver a desired accuracy and convergence; as the mesh is being refined, the solution on a given mesh is
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exploited as an accurate starting iterate for solutions on the next mesh level. The multi-level algorithm has
quadratic convergence in the sense of equation (2.5) in Theorem 2.5. We apply this strategy to efficiently compute
numerical solutions by adaptive mesh refinement. We emphasize that the multi-level algorithm on adaptive
meshes retains quadratic convergence of Newton’s method across different mesh levels, which is validated from
the numerical results presented in the last section. The BRR framework facilitates to use the general theory
established for a linear problem associated with given nonlinear equations. In particular, existing a posteriori
error estimates for the linear problem can be utilized to find reliable error estimators for the nonlinear problem.
We mention that this approach is quite general and can be applied to any numerical scheme for nonlinear
problems satisfying the BRR framework.

As applications, we consider the pseudostress-velocity formulation of the stationary Navier—Stokes equa-
tions (NSE) and the standard Galerkin formulation of semilinear elliptic equations (SEE). Finite element methods
for the velocity-pressure and the stress-velocity-pressure formulation of the NSE have been analyzed for
decades (cf. [3, 13]). The stress-velocity-pressure formulation is the original physical equations for incompress-
ible Newtonian flows induced by the conservation of momentum and the constitutive law. The mixed finite
element methods for the pseudostress-velocity formulation have been recently established in for the Stokes
[6, 10] and the Navier—Stokes equations [5, 21]. The pseudostress-velocity formulation has several advantages.
The pseudostress is nonsymmetric unlike stress tensor and approximated by the RTx elements, Raviart—-Thomas
elements of index k > 0. Moreover, the approximation of the pressure, the velocity gradient, or even the stress
can be algebraically obtained from the approximate value of the pseudostress.

For adaptivity, we derive reliable and efficient residual-based a posteriori error estimators for our multi-
level algorithm for the NSE. We mention existing works on the adaptive two-level algorithm. The authors in [12,
14] derived reliable a posteriori error estimators for the two-level methods for the velocity-pressure formulation
of the NSE. In comparison to usual adaptive finite element methods [10, 18, 19, 23, 25], the estimators for two-level
algorithm contain an additional term which measures the difference between coarse and fine grid solutions. If
the additional term measures the difference between consecutive levels and is of higher order (and negligible),
then the link between levels does not effect the computation, which is computationally more advantageous.
Indeed, this additional term is negligible in our multi-level setting in contrast to [14]. See Remark 3.19 for further
details. As the second application of the unified framework, we consider the standard Galerkin method for the
SEE and derive reliable a posteriori error estimators. It turns out that behavior of the additional term arising
from SEE is similar to that of NSE. Note that our algorithm can be applied to other problems such as the elliptic
problem with gradient nonlinearities (cf. [16, 19, 20, 24]).

The remainder of this paper is organized as follows. In the next section, we introduce approximation of
branches of nonsingular solutions based on the BRR theory and multi-level algorithm analyzed in [22]. We derive
aunified a posteriori error estimate for the approximate solutions of the multi-level algorithm for a class of non-
linear problems in the framework of BRR. Section 3 and Section 4 are devoted to applying the algorithms to the
NSE and the SEE, respectively, and constructing a posteriori error estimators of residual type. Section 5 presents
our adaptive multi-level algorithm. In Section 6, numerical results are presented to show the performance of the
algorithms and to validate the theory developed in this paper. Concluding remarks are given in the last section.

2 BRR Theory and Multi-level Algorithm

In this section, we start with the abstract approximation theory of Brezzi, Rappaz and Raviart for nonlinear
problems developed in [4, 7, 13]. Then we introduce the multi-level algorithm analyzed in [22], which is a method
to solve resulting nonlinear algebraic equations.

From here to the Remark 2.6, we will use the same parts of what we described in [22]. Let X, 2" and Y
be real Banach spaces with the norms | - |x, || - | 2~ and |- ||y, respectively, and assume that X — 27, continu-
ously imbedding. Let A ¢ R be a compact interval and denote by .Z(X; Y) the set of all linear and continuous
operators from X into Y. For a given G2 map G: A x X — Y, we consider the following nonlinear problem: find
(v, 9) € A x X such that

F(v,9) = ¢+ SG(v, 9) =0, 2.1
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where S € .Z(Y; 27) is a linear operator independent of v. The set {(v, #(v)) : v € A} is called a branch of solu-
tions of (2.1) if F(v, ¢(v)) = 0 and the map v — ¢@(v) is continuous from A into X. If the Fréchet derivative
DyF(v, ¢(v)) of F with respect to ¢ is an isomorphism from X onto 2 for all v € A, then the branch of solutions
{(v, #(v)) : v € A} is called nonsingular. To approximate the solution of problem (2.1), we introduce an operator
Sn € Z(Y; Z) intended to approximate the linear operator S, where h > 0 is a real parameter which will tend
to zero. The approximation of nonlinear problem (2.1) is to find ¢" € X such that

Fr(v, ¢") == ¢" + SpG(v, ¢"™) = 0. 2.2)

We assume that the following hypotheses.

(H1) G is a C>-mapping from A x X into Y, and the second-order Fréchet derivatives of G are bounded on all
bounded subsets of A x X.

(H2) There exists another Banach space Z < Y, continuously imbedding, such that

DyG(v,¢) e Z(X;Z) forallve Aandall ¢ € X.

(H3) Forally € Y,limp_oll(S — Sn)yl2 =0.

(H4) limp—ollS - Sulz2 = 0.

Under the hypotheses, existence of a unique branch of nonsingular solutions of problem (2.2), its a priori error
estimate and its convergence property are stated below. We skip the proof since it is very similar to that of
[13, Theorem IV.3.3]. We introduce the following quantities:

1) = IDgF(v, (V) M arx, = sup u(v),

veA

L(®.(v),§) = sup  [DGGV, Y)llxy. @3
VEMYEB(.(v),E)

where B(¥.(v), §) := { € X; 9. (v) - ¥lx < &}

Theorem 2.1. Assume that (H1)-(H4) hold and that {(v, ¢(v)) : v € A} is a branch of nonsingular solutions of
(2.1). Then there exist & > 0 and h(€) > 0 such that, for all h < h(§), there is a C*-function ¢": A — X satisfying
that {(v, ¢"(v)) : v € A} is a branch of nonsingular solutions of (2.2), ¢h(v) is the only solution of (2.2) in the ball
B(o(v), F3) forallv € A, and for K1 := 4u(v) and a constant Cs > 0, the following estimates hold:

lp(v) — " W)lx < KillFn(v, pW)ll2- = Kill(S = SW)G(v, (W)l o~ forall v € A,
IDgFr(v, 9" (V)M 2 x < 21D Fr(v, (V) 2ix < AIDF(v, () Ml 2x < K1,
[Skllz; 2 < Cs.
Note that, since A is compact, the function y(v) is bounded above on A. Thus, if needed, we can take K; as

the constant independent of not only h but also v, i.e., K7 := 4ji. You may refer to [22] for proofs of Lemma 2.2,
Theorem 2.5 and Theorem 2.7 that follow in this section.

Lemma 2.2. Assume that (H1)-(H4) hold and that Dy F(v, @) for ¢ € X is an isomorphism from X onto 2. Then
there exists &, = £,(¢) > 0 such that if € B(§, &) n X for 0 < § < &,, then DyF(v,¥) is an isomorphism from
X onto 2" and there exists h, = h,(@) > 0 such that if 0 < h < h,, then Dy Fp(v, @) is an isomorphism from X
onto 2" with the bound, respectively,

IDgF(v, ¥) N 2rx < 21D F(v, §) Ml 2:x, 2.4)
IDyFr(v, §) "l 2-x < 21Dy F(v, )7 2.

Remark 2.3. When F is replaced by Fj for h small enough in Lemma 2.2, estimate (2.4) also holds. That is,
if DgFr(v, ¢) for ¢ € X is an isomorphism from X onto 2’ then there exists &, = £.(@) > 0 such that, for
¥ e B(¢, &) n X with0 < £ < &,, DyFp(v, ¥) is an isomorphism from X onto 2~ with the bound

IDFr(v, ¥)  2rx < 21DgFr(v, @) Ml 2ix.
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We introduce the multi-level version of the two-grid algorithm. For j > 0,1et h; < h given in Theorem 2.1 be mesh
sizes, Xj = Xp, finite element spaces such that X; c X, and F;(v, ¢) := ¢ + S;G(v, ¢), where an operator S; := Sh;
is intended to approximate the linear operator S.

Step1 (Nonlinear solver) Solve nonlinear system on initial coarse mesh.
Find ¢o(v) € Xp such that Fo(v, ¢o(v)) = 0.

Step 2 (Linear solver) Update on each finer mesh level j with one Newton iteration.
Forj=1,2,...,],find ¢;(v) € X; such that Dy F;(v, ¢j—1(v))(¢;(V) — ¢j_1(V)) = =Fj(v, pj_1(V)).

Algorithm 1: Multi-level algorithm

Remark 2.4. The two-grid scheme in [27, 28] is based on passing information between finite element equations
defined on two grids of different mesh sizes. In the first step, a nonlinear problem itself is solved in a coarse
space, i.e., a finite-dimensional space with coarse grids. In the second step, the nonlinear problem is linearized
locally at the solution obtained in the coarse space. Then the linearized problem is solved in a fine space. For bet-
ter performance, this process can be iterated on a sequence of linearized problems with increasing dimensions.
In the second step of the multi-level algorithm in [14], the nonlinear problem is linearized locally at the solution
¢o obtained in the fixed coarse space of Step 1. By contrast, in our multi-level algorithm, the nonlinear problem
is linearized locally at the solution obtained on the very previous mesh. The advantages of our algorithm are
discussed in detail in Remark 3.19.

Theorem 2.5 (A Priori Error Bound). Assume that (H1)-(H4) hold. Let ¢hf (v) be nonsingular solutions of (2.2)
on X;. And let ¢;(v) be solutions obtained from Step 2 of Algorithm 1. Then there exist & > 0 with & < & given in
Theorem 2.1 and h; > 0 such that, for h; < hy, ¢"(v) € B(¢(v), £/2) and ¢;(v) belongs to the ball B(¢" (v), £/2)
for j = 1. Moreover; for the positive constant K, := 4jiCsL(¢, §) independent of mesh sizes hj and v, we have the
following quadratic relation:

19" (v) - $;(W)lix < K2llp (v) - ¢j1 (V)5 2.5)

and for K3 := max{Kj, ZKsz, 2K5}, we have an a priori estimate

o) - ¢iW)lix < K3(I(S = $HGv, gW)ll2- + (S = SHG(V, pONI% + 16(V) - -1 (M)IF)-

Remark 2.6. It should be noted that the above algorithm can be applied even if J; is not a uniform refinement
of J;_1 and adaptive mesh refining can be exploited along with this algorithm. The multi-level algorithm has the
quadratic convergence in the sense of equation (2.5) even on adaptive meshes. This is confirmed by numerical
examples in Section 6.

Now, we want to find an a posteriori error bound for solutions obtained from the multi-level algorithm. First,
we introduce the following theorem presented and proved in [7, Theorem 2.1]. Let F: X — 2" be a C! mapping
and let v € X be such that DF(v) € Z(X; Z) is an isomorphism. We introduce the notations

€:=|F)l2, y:=IDFW) lax, L(@:= sup [|DF()-DFW)|x.z2
weB(v,a)
Theorem 2.7. We assume that 2yL(2ye) < 1. Then F(x) = 0 has a unique solution u in the ball B(v, 2y€) and
DF(u) € Z(X; Z7) is invertible with
IDFw) ™| 2x < 2y.
Moreover; for all v' € B(v, 2ye),
o' - ullx < 2yIF@")2 .

Theorem 2.8 (A Posteriori Error Bound). Assume that (H1)-(H4) hold. Let ¢(v) be a nonsingular solution of (2.1)
and let ¢;(v) be the approximate solution produced by Algorithm 1. Then there exists 0 < hy < h; given in Theo-
rem 2.5 such that, for all hj < h}, we have ¢hf(v) € B(¢(v), £/2) and ¢j(v) € B(q)hf(v), ¢/2) for & given in Theo-
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rem 2.5, and we have a residual type a posteriori error bound with Ky := 4u(v),

Ip(v) = $j(V)lix < 2IDF(v, ;W) o xIF(V, ¢l 2 < K1l F(v, ¢i(v)ll 2 (2.6)

Proof. The proof follows by applying Theorem 2.7. For this, we first notice that ¢;(v) € B(¢(v), ¢) for h; with
hj < hg given in Theorem 2.5 and ¢;(v) — ¢(v) strongly in X as h; — 0 thanks to Theorem 2.5 and (H3). By
application of Lemma 2.2, Dy F(v, ¢(v)) is an isomorphism from X onto 2" with

IDgF(v, $;(V)) " ll2rx < 20D F(v, ()l 2rix =2 y- @7
To apply Theorem 2.7, we set

€ = |Fv, o)l 2, v = IDgFV, o;(v)23x,

Li(a):= sup [DyF(v, 9j(v)) - DyF(v, w)|x;2 .
weB(¢;(v),a)

From the mean value theorem and (H1), we have, for C1 = [|S|ly; 2~ L(¢;j(v), @) with L(-, - ) defined in (2.3),
Dy F(v, j(v)) = D F(v, W)lx; 20 < ISlly: 27 1Dp G(v, §;(v)) = Dy G(v, W)|lx;y < Cillgj(v) - wllx,

which yields that there exist 0 < hy < hj and 0 < a < & such that, for h; < hy,
1
Lj(a) < 3y and [¢(v) - ¢;(V)lx < a. 2.8)

Applying Theorem 2.5, the mean value theorem and (H1) to the identity

F(v, ¢j(v)) = F(v, $;(v)) = F(v, $(v)) = 9;(v) = (V) + S(G(v, §;(v)) - G(v, (v))),

we can find hj < h such that, for all h; < h;,
2y¢j < a. 2.9

From (2.7)—(2.9), we have
2y;Li(2yj€j) < 2yL;j(2y€;) < 2yLj(a) < 1.
Applying Theorem 2.7 with v = ¢;(v), h; < hy, we conclude that there exists a unique ¥ € B(¢;, 2y;€;) such that
F@) =0 and [y - ¢;(lix < 2IDgF(v, g;(v) axIF(v, ;) 2.

From the uniqueness of ¢ in B(¢;, a) c B(¢;, ¢) and the fact that F(v, ¢(v)) =0 and ¢ € B(¢;, £), we have
Y = ¢(v) and (2.6) is proved. -

3 Application 1: Navier-Stokes Equations

In this section, we introduce the a priori error estimate and analyze an a posteriori error for multi-level algo-
rithms for the pseudostress-velocity formulation of the NSE. The a priori error was analyzed in [21]. The fol-
lowing details are only given for the reader’s convenience. First, we introduce some notation and function

spaces. Let div and V denote the divergence and gradient operators, respectively. For v = (vy, ..., vg) € R? and
T = (Tij)axa € R4 let 7; = (7y1, . .., Tig) denote its ith row for i = 1, . .., d and define
div 7 := (div Ty, ..., divTy), v-17=(L-T1,...,0-Tq),
¢ ov; . .
Vu = (Vuq,...,Vug)' = (—) , 8 := d x d unit matrix.
0Xj / axd

Given data f and g, the stationary and incompressible NSE for the unknown velocity u and the pressure p
reads

—VvAu+u-Vu+Vp=f inQ, 3.1

divu=0 inQ, (3.2)

u=g onoQ. 3.3



752 —— D.Kim et al., Adaptive Multi-level Algorithm DE GRUYTER

The compatibility conditions read

Jg~nds:0 and dex:o,
aQ Q

where n is the outward unit normal vector to the boundary.
Let A: R4 — R he the deviatoric operator

At=1- %(tr 7)6.
The pseudostress tensor o := vVu — pé allows the pseudostress-velocity formulation of NSE (3.1)-(3.2),
c .
A(Z)-vu=0 ing, (3.4)
divo—u-A(%):—f in Q. 35)

Equation (3.4) is obtained from
tr(Vu) =divu =0 and tro=-dp.

The compatibility condition [, p dx = 0 implies

Jtradx:o.
Q

Scaling pseudostress o and data f by /v — @ and f/v — f, (3.4)-(3.5) may be rewritten as
Aoc-Vu=0 inQ, (3.6)
divo - %w/la: -f InQ. 3.7
Assume that Q is a bounded, open, connected subset of R? (d = 2 or 3) with the boundary 92 of convex poly-
gon/polyhedra. We use the standard notation and definitions for the Sobolev spaces W"-P(Q) and W"P(8Q) for

an integer r > 0 and p € [1, co]. The standard associated norms are denoted by |- [-p := |- lrp,0 and || - [l p,50.
For r = 0, W"P(Q) coincides with LP(Q). Moreover, the space W"2(Q) will be written in the form H"(Q). Let

H(div; Q)¢ = {7 € L2 (@)™ : div T € L}(Q)4},
W3 (div; Q)4 = {t € W>3(Q)™? : divt € W*3(Q)4},

L3(Q) = {q € 12(Q) l J qdx = o}.
2
We define spaces
H(div; Q)¢ = {T e H(div; Q)¢ | jtrrdx = O},
2

W3 (div; Q)7 = {r e WO3(div; Q)¢ | Jtr‘rdx - 0},
Q

Jtrrdx: 0}.
Q

Then the mixed variational problem of the pseudostress-velocity formulation (3.6)—(3.7) is to find

gr(g)dxd — {T c Hr(g)dxd

(0, u) € WO3(div; Q)% x L2(Q)4
such that
(Ao, T) + (divT, u) = g.(t) forall 7 € H(div; Q)% (3.8)

(dive, v) - %(u -Ac,v) = f.(v) forallv e L*(Q)%, (3.9)
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where (-,-) denotes the L2(Q)¥¢ or L%(Q)? inner product, g. (1) = Lm(n -7)-gds and f,(v) = - [, f -vdx.
Note that if we use the trial space WO3(div; Q)4 x L2(Q)4, then we can guarantee the nonlinear term, u - Ag, to
be in L2(Q)¢ from the imbedding theorem (see [5, Remark 2.1]). The well-posedness and uniqueness of system
(3.8)-(3.9) is established by the following well-known theorem (see [5]).

Theorem 3.1. Let f be in L%(Q)%. For g € H¥%(9Q)%, system (3.8)-(3.9) has solutions (a, u) which belong to
H Q)™ x H2(Q)1. Moreover, if v > vo(Q; f, g) (see [5] or [13] for the specific value of v), then the solution (o, u)
is unique.

3.1 BRR Framework for NSE

We let 1
G(v, ¢) = (—g,—;u-fla +f>

for ¢ := (o, u) and Y := H*%(0Q)% x L*(Q)“. Let A c (0, 00) be a compact interval. We consider Z = Y. Then
condition (H4) implies condition (H3). Note the Fréchet derivative of G at (v, ¢) = (v, (o, u)) is

1
DG, 9)) = (0, (w- At +v-A0))
for y = (r, v). To guarantee that Dy G(v, ¢)(¥) € Z for all i, welet X := L3(Q)¢ x L5(Q)%. In fact, note that, for
any ¥ = (t,0) € X,
lu-At+v-Adlloz < lu-Atloz + v - Adllo,
< lulloglizllo,s + vllosllallo,s

2 2 \1/2 2 2 \1/2
< (lollf 5 + lulf o) (1Tl 5 + N0IE 6)V/>.

Here we used the triangle inequality and the Holder inequality. So hypothesis (H2) holds. From the definition,
G belongs to the ©2-class clearly. So hypothesis (H1) holds.
Welet 2 := L%(Q)%™4 x [2(Q)? and introduce the linear solution operator

S:Y—> 2,
& - Sg . f)=(o,u

defined by the solution of

(Ao, 1) + (divt, u) = I (n-7)-g*ds forallte H(div; Q)4, (3.10)
ELe)
(dive,v) = - J fovdx  forallv e I2(Q). (311)
Q

The following result is well known (see [5, Lemma 5.1]).

Lemma 3.2. Forany (g*,f") € Y, Stokes equations (3.10)- (3.11) have a unique solution (o, u) = S(g*, f*) which
isin H(Q)4 x HX(Q)? — 2.

Clearly, the pair (v, ¢) € A x X is a solution of
F(v,9) :=¢ +SG(v,9) =0 (3.12)
if and only if the function ¢ = (o, u) is a solution of (3.8)—(3.9).

Theorem 3.3. For any (g,f) € Y, there is a vo(Q; f, &) such that if v > vo(Q; f, &), where vy is the fixed value
stated in Theorem 3.1, then nonlinear problem (3.12) has a branch of nonsingular solutions.

Proof. See [21]. O
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We now consider mixed finite element approximations. Let {T5,} be a family of shape-regular triangulations of
Q by triangles (d = 2) and tetrahedra (d = 3), respectively, of diameter hr, and let h := maxres, hr denote the
mesh size. Associated with Ty, we define a finite subspace of X by

Xy := RTY(Tn) x PR(Th),
where PZ(T h) = ]'[l?i:1 Py(Tp) (i.e., a product space of polynomials of degree k) and

fﬁ,‘f(‘Ih) = {r € RTﬁ(Th) | Jtrrdx = 0}
Q
for RTZ(‘.T n) = ]'[fl:1 RT(Ty) (i.e., a product space of Raviart-Thomas space of order k).
For short notation on generic constants C independent of the local or global mesh sizes, for any expressions
A and B,
A < B abbreviates A < CB.

We introduce a projection operator over the space W, where W := A (Q)™? or W := H(div; Q)¢ n L5(Q)xd
for some s > 2. Let [T, denote the Raviart-Thomas projection operator (see [3]) associated with the degrees of
freedom onto RT(Ty) + span{8}. We define Iy : W — RT4(T5) by

N Jo(tr T T)dx
Opr=0r-22% "~
hT hT Q|

where |Q] = jg dx. Then we have fg(tr II,7) dx = 0. We notice that the operator il approximates the normal
components on element edges such that, for E € &, the set of all edges of Ty, for vy, € Pﬁ(‘Ih) andfort e W,

8§ forallte W,

(up, ng - (t - TpT))E = 0. (3.13)

But, in general, the above relation does not hold for the operator IIj.
Let Py, be the L?-projection onto PZ(T ) with the well-known approximation property

IPhv —Vllopr < hylVlrpr, O0<r<k+1, forallve wHP(T)% (3.14)
Then the following lemma holds (see [6] for details).
Lemma 3.4. The commutative property div I = Pp, div holds. Furthermore, we have

It - Optlloz < h'I7lr2 fort<r<k+1, (3.15)

Idiv 7 - div(IIx7)llo2 < h'|div |, forO<r<k+1.

The mixed finite element method for approximation of the solution of system (3.8)—(3.9) is defined by finding
(6", u) € X, such that
(Ao, 1) + (u",divt) = g. () forall T € RT4(Ty), (3.16)

1
(div ah, v) - <;uh -Aah, v) =f«(v) forallve Pi(il‘h). 3.17)
Next, we define a discrete solution operator Sp,: Y — Xj by

Sn(g*,f") = (on, up) € Xp,

where (o, up) € Xp is the solution of the discrete counterpart of (3.10)—(3.11),

(Aop, 1) + (up,divr) = J(n -7)-g"ds forallte R.T,‘f(il’h), (3.18)
29

(div ey, v) = - Jf* -vdx for all v € P4(Ty). (3.19)
Q

Now, the discrete nonlinear problem of (3.12) is to find ¢" = (6", u") in X}, such that
Fr(v, o") := ¢" + S1G(v, ¢") = 0. (3.20)
Note that ¢" = (6", u") is the solution of (3.20) if and only if ¢" € X}, satisfies (3.16)—(3.17).
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Theorem 3.5. Forany (g*,f") € Y, let (o, u) = S(g*, f*) and (6, up) = Sp(g*, f*) be the solution of (3.10)-(3.11)
and (3.18)—(3.19), respectively. Then
}IET(I]IIS = Sullz;2 = 0.

Moreover, assume that (o, u) € H" ()™ x H"(Q) for 1 < r < k + 1; then we have

1S@".f*) = Sn(@". )2 < W' (ol + ulr2) < K" (" r-22 + 1871 2,00)-
Proof. See [21]. O
Theorem 3.5 implies that hypotheses (H3) and (H4) hold. We get the following theorem.

Theorem 3.6. Let (g, f) € Y. Assume that v > vo(Q; f, &), where vy is the fixed value stated in Theorem 3.3, and
that (v, p(v)) = (v, (o(v), u(v))) is a branch of nonsingular solutions of (3.12). Then, for h sufficiently small, there
exist a neighborhood O of the origin in X and a unique Gz-function vV — ¢h(v) € Xy such that {(v, ¢h(v)) 1V e}
is a branch of nonsingular solutions of (3.20) and that ¢(v) — ¢"(v) € O.

Moreover, assume that (a(v), u(v)) € H'(Q)>4 x H"(Q)? forr = 1,2, ..., k + 1. Then we have

lp(v) = p"W)llx = 6 (v) = 6" (W)llo3 + lu(V) — uW)llos < K" IGW)lIr2 + UV ]r2),

where ¢"(v) = (¢ (v), u(v)).

Proof. See [21]. O

3.2 Error Estimates for Multi-level Algorithm for NSE

Now, we apply the multi-level algorithm to NSE based on pseudostress-velocity formulation. Note that the
Fréchet derivative of F at (v, ¢) = (v, (o, u)) is

1
DyF(v, $)(®) = (I + SD4G(v, §))(®) = ¥ + s(o, AT+ Aa))

forany ¢ = (1,v) € X.
We generate a shape-regular triangulation T}, from J; (j > 1) with newest vertex bisection or longest edge
bisection. For convenience, we omit v from the functions ¢;(v).

Step1 (Nonlinear solver) Find ¢ = (a0, uo) € Xo, where Xg := RT%(To) x P{(To), such that
(A00,T) + (div T, ug) = g.(7) forall T € RT4(Ty), (3.21)
(div g, v) — %(uo - Aoy, v) =f.(v) forallve Pﬁ(’Io), (3.22)
Step 2 (Linear solver) For 1 < j < J, find ¢; = (0}, uj) € X;j := RT{(T}) x P(T}) such that
(Ao}, 7) + (div T, 1) = g.(1) forall T € RTY(T}), (3.23)

1 1
(div g}, v) - ;(uj_l -Agj+uj- Agj_1,0) = —;(uj_l -Adj_1,0) +f.(v) forallve Pz(‘Ij). (3.24)

Algorithm 2: Multi-level algorithm for NSE

If 7; with diameter h; is uniformly refined triangulations from the previous triangulations J;_; with diam-
eter hj_, from the results of Theorem 2.5 and Theorem 3.6, the following theorem for Algorithm 1 can be easily
proved.
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Theorem 3.7 (A Priori Error Estimates). Let (g, f) € Y. Assume that v > vo(Q; f, g), where vy is the fixed value
stated in Theorem 3.3, and that (v, ¢(v)) = (v, (a(v), u(v))) is a branch of nonsingular solutions of (3.12). Let
Po(v) = (a0(v), up(v)) be the solution of (3.21)-(3.22) and ¢;(v) = (a;(v), u;(v)),1 < j <J, solutions of (3.23)-
(3.24). If (6(v), u(v) € H (Q)™4 x H"(Q) forr =1,2,..., k + 1, then we have

16(v) = §;(W)llx = I6(V) = Gj(Mllo3 + 1UV) = wWllos < Ry + R)UGW)lr2 + [UW)lr,2)-

Proof. See [21]. O
Theorem 2.8 indeed provides the reliability bound. For brevity, v is dropped from the functions ¢;(v) and @ (V).
First, observe that

VEv, )l 2 = Nl + SG(v, 9j)ll 2= = 19j — djllr2(@)ixaxr2 (@)t (3.25)

where (Z)j = (6, 1) € H(Q)™4 x H%(Q)4 is the unique solution for the pseudostress-velocity formulation of the
Stokes problem

(A6, 1) + (@1, div T) = g.(T) for all 7 € H(div; Q)¢, (3.26)
(div 6, v) = %(u,- -Acj,v) +f.(v) forallv e L2(Q)%. 3.27)
The following error equations immediately follow from (3.23)—(3.24) and (3.26)-(3.27):
(A6 - Ao}, T) + (L — uj,divt) = 0 for all 7 € RTY(T)),
(dive - divoj, v) = %((uj - Uj1)-(Agj - Agj_1),v) forallve Pﬁ(‘Ij). (3.28)

Remark 3.8. Equation (3.25) says that an a posteriori error estimate for the NSE is controlled by that for the
Stokes equations with the additional term appearing in the right-hand side of (3.28). Thus, we can apply existing
a posteriori error estimates for the pseudostress-velocity formulation of the Stokes equations to the NSE. Indeed,
we apply the residual-based a posteriori error estimates for the two-dimensional Stokes equations analyzed by
Carstensen, Kim and Park in [10].

Let us describe the well-known results used throughout this paper. Assume that Q is a bounded Lipschitz domain
with a polygonal boundary. Then there exists a constant C = C(Q) such that Poincare’s inequalities read

v -valloz < CIVulloz forallv e HY(Q)4, (3.29)
lvlloz < CIVUllp, forallv € HY(Q)Y,

where vg is an average of v over Q, i.e., g = ﬁ IQ v(y) dy.

The general interpolation operator cannot be applied to H' functions. But Clément’s interpolation which
defines a continuous interpolating polynomials using averages of v instead of point values can be applied to H'
functions. The nodal values of Clément’s interpolating polynomials depend on the value of v on the adjacent
elements through an averaging process. We now consider the error estimate of Clément’s interpolation operator.
We define $°(7j)? ¢ L2(Q)? as the piecewise constant and $!(7))¢ ¢ H*(Q)¢ or S;(Tj)? ¢ Hy(Q)? as continuous
and piecewise affine vector functions. For each Tj, let £; denote the set of all edges (faces) of 7;. In what follows,
hr and hg stand for the diameters of the triangle T € J; and the edge E € &;, respectively. For any T € J; and
E € &j, we set

wT::U{T’ e‘Ij:TnT’#qb} and wg ::U{TeiTj:EcT}
Note that, since the triangulation T; is shape-regular, the maximal number of elements in w7 is h-independently
bounded by Cy. Clément’s interpolation operator (see [11]) I;: HY(Q)? - Sl(‘Ij)d satisfies the following esti-
mates:

lv - LUllmar < hE™vll20, forallv e H(Q)Y, m=0,1andall T € T, (3.30)
lv-Tjvlooe < hY*Ivlige, forallv e H(Q)Y allE € 3T and all T € J;. 3.31)

Finally, we state the usual inverse inequalities introduced in [25] which we will use in order to derive local
lower bounds for the error. We need some modified results whose proof easily follows from the idea of the
paper [25], and we omit the proof.
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Theorem 3.9. There exist constants C1, ..., Cs, which only depend on the shape of the elements, such that the
following inequalities hold for all polynomials v, w € Px(T)? and d € Px(E)¥, d* = d or d x d, and for two real
numbers p, qwith1<p <ocoand ; + ¢ = 1:

jT vbrwdx
Cillvllopr < sup <lvllop.1, (332)
wePy(T)* wllo,q,r
Calldllozz < b dlloo.z < Idlloz, (3.33)
1
"bEPextd”O,q,wE < C3hT/q||d||0,q’E, (3.34)
IV(br0)llo,q,r < Cahz IbrUllo g7, (3.35)
IV(bEPextd)lo,q,0r < Csh7 IbgPextdllo g 1- (3.36)

Here, for the barycenters xt of T and xg of E, two functions br,br € C*(T, R) satisfy br € P3(T), br(xy) =1
andbr =00n dT, andbg € P2(T), be(xg) = 1 and bg = 0 on 0T\E, respectively, and P¢y; is an extension operator
Pext: C(E,RY) — C(wg, RY") With Pexew|p = w.

Let Rj(f) := f +dive; - lu; - Ao, & = it - uj and & = 6 - 6j, and X := H(div; )¢ and V := L?(Q)% For sim-
plicity, we let P; := Pp, be the L%-projection onto PZ(T hy)-

Lemma 3.10. For the error e; (1 < j < J), we have

5112 2 2 2 2 2
l&jl5, < ) hHIR(OIG,r+ ) hilAGs~Vuilg,r+ Y hellg - &ilig e
TeT; TeT; Ee&jnoQ

+(uj - uj-1) - A(oj - 6015 5.0,
where g; is an approximation of g so that (g;, n- (1 - 1;n)) = 0.
Proof. Since é € L%(Q)4, we have unique n € H'(Q)%™? and z € H}(Q)? n H*(Q)¢ such that

(An,7) +(divt,z) =0 forallt e X, (3.37)
(divp,v) =(e,v) forallv eV,

and
(zll22 < l€llo2,  Nnll12 < lello,2. (3.38)

Then, by integration by parts, (3.26) and the relation div II; = P; div, we get
lelg, = (@ - wj;, div ) = (-AG, n) + (g, n- n) — (uj, div(IL;)).
Equations (3.23), (3.37), (3.27) and (3.24) imply
lell§, = —(A6 - Aaj, ) - (Adj, ) + (Aaj, TTjn) + (g, n - (n - TLjm))
= (div(6 - 6)), z) + (Aaj, Iin —n) + (g, n - (n - 11;n))
1 .
= —-(Rj(f),z - Pjz) - ;((uj - Uj-1) - A(gj - 0j-1), Pjz) + (Aej, IIin —n) + (g - g, n- (n - 1Ljn)). (3.39)

The last term of (3.39) is derived by applying the compatibility condition Iasa g -nds =0 and relation (3.13)
to the term (g, n - (n — II;n)). To estimate the trilinear term ((u; — u;_1) - A(0j — 6j_1), P;z), using the Holder
inequality and equation (3.14), then we have

|((uj — uj_1) - A(0j — 6j-1), Pjz)| < |(uj — uj_1) - A(6j — 6j-1)llo,2,2I1PjZllo,2,e

< (uj - uj_q) - A(Gj — 6j-1)llo,2,2l12ll1,2,0.

Applying estimates (3.14), (3.15) and (3.38) to the above equation (3.39), we conclude the proof. O
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To derive the estimate of the error bound for & = 6 — g, we formulate the Helmholtz decomposition suitable
for our problems. For this, we first define the curl operator for various kinds of functions. When d = 2, we
define the curl operator for a scalar function g, a vector function v = (v1, v;) and a tensor function ¥ = (Y;j)2x2,
Y; = (Y1, Yiz) denote its ith row for i = 1, 2, by

(99 6q> . 0vup 0y . (curlv; _
curlq._(axz, ox: ) curlv := axz+6x1’ Curlv := (curlvz ,  Curly := (curl ¢, curl y,).

When d = 3, we define the curl operator for a vector function v = (v1, v2, v3) and a tensor function ¢ = (;)3x3,

Y; = (i, Yio, Pi3) by

1
curlv := ( ovs + Ovs _9Us + v _9us + avz) Curly := Eﬁil:ﬁl
. aX3 aXZ’ 6X1 aX3’ aXZ 6X1 ’ - 2
curl ¢,

We notice that, for ¢ € H'(0)®? and r € H'(w)%, d, = 2for d = 2 and d, = 3 x 3 for d = 3, with the Lipschitz
boundary dw,

(Curly, r)y, - (¥, Curlr)y = (ye¥, Mow, (3.40)

where y¢y is denoted by t - ¥|a, Or (y¢¥); = n x Y;|5, according to whether d = 2 or d = 3. Here, when d = 2,
t = (t1, t) is tangential on dw and the direction of t follows that t; = —ny, t; = n; with the unit outer normal
vector n = (nq, ny) to dw and when d = 3, (y(¥); is the ith row of the tensor y.y.

Lemma 3.11. For the error &, let s := ﬁ fg tr £ dx. Then there exist z € Hy(Q)* n H*(Q)? with divz =tr - s,
p € L5(Q) andr € H{(Q)% /R%, d, = 2ford = 2and d, = 3 x 3 for d = 3 such that
E=Vz-pé+Curlr, (3.41)

with the estimate
IVzlloz2 + [rl1,2 + [Bllo,2 < Cll&lo,2, (3.42)
where C is a positive constant independent of €.
Proof. We consider the following Stokes problem: find z € Hé(Q)d nH%Q)4 and D e L%(Q) such that
(Vz,Vw) — (p, divw) = (€, Vw) for allw € Hy(Q)Y,
(q,divz) = (q,tré—s) forallq e LE(Q)%.

The solutions z and p satisfy
-Az+Vp=-divé and divz=tré-s.

Hence € - Vz + pé§ is a divergence-free tensor. Moreover, £ — Vz + pé satisfies
((E—Vz+ﬁ8)i-n,1)ag=0, i=1,...,d,

where (€ — Vz + pé); is the ith row of the tensor € — Vz + pé. These conditions imply that there exist stream
functions r; € HY(Q) for d = 2 or r; € HY(Q)? satisfying divr; = 0 and curlr; € H(div; Q) for d = 3 such that
(€-Vz + p8); = curlr; (see [13, Theorems 3.1 and 3.4]). Thus, we conclude that, for the two-dimensional vec-
tor r = (rq, rz) or for the 3 x 3-tensor r = (ri, rg, ré)t, we have & = Vz - pé + Curl r. The regularity theorem
of the Stokes problem (cf. [13, Theorem 5.4]) yields [|Vzlo2 + IPllo,2 < Cll€llo,2, where the positive constant
C is independent of & (see [13]). From this inequality and the fact that |r|; = [|Curlrfo, for d =2 and
[Pl1,2 < C(Ildiv rllo,2 + [Curl rllo2) = Cl|Curlr| for d = 3, we easily get |r|y,2 < Cl|&]lo,2. O

We define the jump [ -] for E € €; and for v € H*(|J 7)) by
Wllg = lt)le-Ilr)lg fEcT,nT- (E€g&j, T,,T-€7T))

and ng points from T, into its neighbor element 7_.
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Lemma 3.12. For the error &; (1 < j < J), we have

_ 1/2
1812, < Y IheRi(Op+ Y IhrCarl(Aopld,r+ Y Ih yedoilld, p
TeT; TeT; Ee&j\oQ

1/2
v Y I yeAo - VIR, g + I - ui1) - AlG) - 6501 -
Ec&jnaQ

Proof. In the Helmholtz decomposition (3.41) of &,
€=Vz-pé+Curlr,

we choose r satisfying fg rdx = 0in order to apply Poincare’s inequality (3.29) later.
From the above decomposition and the identity divz = tr € — s, we get

tré=divz —tr(p§ — Curlr) =tr € - s — tr(pé — Curlr).
Thus tr(p§ — Curlr) = —s. Since [, tr §dx = 0 and [, tr g; dx = 0, we have
(tr &, tr(pd — Curlr)) = -s(tr6 - traj, 1) = 0. (3.43)
From (3.43), we have the error decomposition
(€,8) =(§,Vz-pé +Curlr)
=(&,Vz)-(tr &, p) + (Ag Curlr) + é((tr £)6,Curlr)
=(&,Vz) + (A&, Curlr) - %(tr E trpd) + %(tr g, trCurlr)

=(&,Vz) + (AE,Curlr) = (1) + (II). (3.44)
Integration by parts, (3.24) and (3.27) imply

_ 1
(M = (&,Vz) = Ri(f), z - Pjz) + ;((uj - uj_1) - A(6j - 6j1), Pjz).
Using inequality (3.14), Cauchy-Schwarz inequality and Sobolev imbedding theorem, we have

(M < 1R(Fllo2,0lVZlloz,e + I(Uj — uj—1) - A(Gj — 6j-1)ll02,0l2l2,2,0- (3.45)

We now consider the second term (II) of (3.44). For the Clement’s operator I;, we have div Curl(J;r) = 0
in the weak sense and Curl(l;r) € H(div; Q)%d_ For an arbitrary r € HY(Q)%, Curl(J;r) is not necessarily in
ET%(‘J}) since it may not satisfy the constraint jg (tr Curl(J;r)) dx = 0. But Curl(l;r) — §6 belongs to the space
RTY(T}), where
Jo (tr Curl(zjr))dx

5= a9

We find, from (3.23) and (3.26),
(AE, Curl(ljr) - §8) = —(e, div(Curl(J;r) - §6)) = 0.

Moreover, from the fact that (A&, $6) = (tr AE, §) = 0, we get (A&, Curl(;r)) = 0. By the identity A6 = Vit and
integration by parts (3.40), the second term (II) of (3.44) becomes

(II) = (Ag, Curl(r - Ijr)) = (-Agj, Carl(r — Ijr)) — (y;Vir,r - Ijr)

Considering integration by parts (3.40) and estimate (3.30)-(3.31), recalling that the number of elements in wr
is bounded by the constant Cy; and using Poincare’s inequality (3.29), we obtain

() = - Y (Curl(Ag)),r - Lr)r + Y (yeAaj, r—Iir)or — (yVg, r - Ir)

TeT; TeT;
1/2 1/2
<(( X ircurtaop,r) "+ (Y In veAoli?, )
TeT; Ec&;\0Q
1/2
(Y I yAo - VeIl ,p)  irha. (3.46)
Ee&,-naQ

Putting (3.45) and (3.46) into (3.44) and using estimate (3.42), we conclude the proof. O
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Combining Corollary 2.8 and Lemmas 3.11-3.12, we obtain the following reliability estimate.

Theorem 3.13 (Reliable A Posteriori Error Estimates). For the solution ¢ = (o, u) of problem (3.8)-(3.9) and the
approximate solution ¢; = (aj, u;) of problem (3.23)—(3.24), we have, for 1 <j <],

I6 - ¢jl% < nf + () — wj1) - A(G) - 6j-0l5 .05
where the error estimator n; is defined by q]? = Zrezrj nj(T)? with the local error estimator n;(T) given by
nj(T)* = REIR;(F)IG 5,1 + W7l AG) = VG , 1 + REICurl(Aa))IG 5 7

h
vy SlveAglii, e+ Y he(lg - gl o + Ive(Aoi - VOG5 p).
EcdT\oQ E€dTNaQ

Remark 3.14. We note that physical quantities such as pressure, gradient velocity and stress can be expressed
as follows:

p= —g tro, Vu=Ac, 6=v(g+(Vu))=v(o+(Ao))=vAc+ad).

From these identities, the approximation of pressure, gradient velocity and stress can be defined by
pj = —g traj, (Vu)j:=Agj, 6;j:=V(Agj+(0))").

Then the following relations hold:

Ip - Pilos = Slr o - rajlos < 10 - ojls,

[Vu — (Vuwjllo,;s = Ao - Adjloz < lo - ajlo,3,

16 - Gjllo3 < VIAG - Agjlloz + Vlia® - (a))'llo3 < 2vIia - ajllo 3.
Now, we derive an efficient a posteriori error estimate. Let f; € Py (T)? be a polynomial approximation of f.
Lemma 3.15. Foreach T € TJ; (1 <j <]), we have

hrlRi(Fllo2,r < hrllw - ujllos,r + 16 = 6jllos, + hrlf - filloz,r.

. . . . . . . 1 . .
Proof. Using inverse inequality (3.32), the identity div o = ; u - Ag - f and integration by parts, we have

. 1 . 1
Cilf; + divo; - W '.AO']‘”(Z))Z’T < (fj +divo; - ;uj-floj,bTRj(fj)>T
1 1
= (f- -f+dive;-dive - —u;- Agj + —u'.AO',bTR]'(f-))
j v v 7))y

1 1
= (fj -f- ;u]- -Aaj + ;u . Aa,bTRj(fj))T +(0j -0, VbTRj(f]-))T.
By the Hélder inequality, inverse inequality (3.32) and (3.35), and the mean value theorem, we get
. 1
Cillf; + div gj — SWe AO']'II%,ZJT
1 1 R

< (ll;u Ao - S - Adijllo,r + +If _fjHO,Z,T)"Rj(f)"O,Z,T +hp'Callo - ajllo s rIbTR (Fllo /2T

< (lu - ujllogr + llo - ajllos IR (Pllo,z,r + (h7 Calla - Gjllo s, + If = [illo2 IR (Fllo,2,7 (347)
With an application of the triangle inequality to the identity

. 1
Ri(f) = f +divaj - ;uj-Aoj = (f—fj)+Rj(fj),

we complete the proof by (3.47). O

Since (Aaj)|r € Py (T)%4 we can apply inverse inequalities (3.32)—(3.36) to the polynomial function (Ag;)|7.
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Lemma 3.16. Foreach T € J; (1 <j < J), we have

hrlAo; - Vujllog,r < Ci2Ca(hrllo - ojllos,r + llu - ujlloe,r)-
Proof. By inequality (3.32) and integration by parts, we have

CilAoj - Vujl} , 1 < (Aaj - Vuj, br(Aaj — Vi),

= —(Ao - Agj, br(Acj - Vu))), + (Vu - Vuj, br(Agj - Vuy)),

= —(Ao - Acgj, br(Aoj — Vu))); + (u - uj, div(br(Aoj — Vi),

< | Ao - Agjllos rllAcj — Vujlloss,r + i - ujlloe,ribr(Acj — Vuy)lyes,T. (3.48)
Applying inverse inequality (3.35),

Ibr(A) - Vupliessr < Cahr'I1AG) - Vllosys,- (349)

Putting (3.49) into (3.48) and using the relation [lAg — Agjllo3s,r < llo — 6jllo,3,1, we get

hrlAaj - Vujllogr < Ci2Ca(hrllo - ajllos,r + lu - wjllog 7). O
Lemma3.17. Foreach T € TJ; (1 <j <), we have

hrlCurl(Aa))lo2r < C7*Callo - ojllo3,1-

Proof. Inequality (3.32), the identity Curl(Ac) = Curl(Vu) = 0 and integration by parts imply

clcurl(Aa))|3, < by Curl(Ac)I?, ;
= —(Curl(Ao - Agj), br Curl(Aa))),
= —(Ao - Agj, Curl(br Curl(Ag)))),

< llo - ajllo3,ribr Curl(Aoj)|1,3/2,7- (3.50)

We obtain, from inverse inequality (3.35),
Ibr Curl(A6))|13/2,r < Cah7 ICUrl(Ao))llo,s/2,r < Cahz'|Curl(As;)loz2,r- (3.51)
Hence, combining (3.50) and (3.51), we conclude the proof. O

Lemma3.18. ForeachE € &j (1<j<]),
h?1yeAajllozE < Clo - ajllo3,w,
where C = C,*C3 max{Cs, C;*Ca}.

Proof. Setd := [yAcj], whichisapolynomial along E. Note that [y¢Ag;j] = —[y.A(0 - 0;)] on each edge E in the
weak sense and Pexid|r = d. Using inequality (3.33), integration by parts (3.40) and the identity Curl(Ao) = 0,
we have, for any edge E ¢ T and for T; € wg, i =1, 2,

ColdIZ, < Ib*dI2, ; = ~(bePexid, [yeA(o - 6))])E

= (A(0 - 0)), Curl(bgPextd))w; — Z (bePextd, Curl(Aaj))r,
i=1,2

<116 = 6jllo3,0; I Pextdli 32,0, + IDEPexcdlo .oy ( Y. ICUrl(Ad)loa, ). (3.52)
i=1,2
From Lemma 3.17, we have
Y licurl(Aa))llozr, < C;*Cs Y. hi'llo - ajllos,r,. (3.53)
i=1,2 i=1,2

Application of (3.34), (3.36) and (3.53) to (3.52) yield
hEIdlloz < Clo - ajllo .0,

where C = C,%C3 max{Cs, C;*Cs}. O
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Remark 3.19. By the Holder inequality and the triangle inequality, we have

I(uj — uj_1) - A(j — 6j-1)llo2,2 < lUj — Uj_1lo,6,2l0; - Gj-1ll0,3,0
< (luj — ullog,o + lu - uj-1llo,6,0)(I6j — Gllo3.2 + 16— Gj-10,3,2).

Assume that h]{l < hj for j > 0. Then, by the result of Theorem 3.7,

luj - uloso + I - witloso < (R + R + (R, + ki) < BT+ iy < hf .
Similarly,
loj - olloz.e +llo - 6j-1llose < hj ;.
Hence
l(uj - uj_1) - A(gj - 6j-1)llo2,0 = O(h]?fl),
which shows the asymptotic behavior of the additional term. Note that the additional term

(wj - uj_1) - A(oj - 6j-1)llo2,0 = O(hffl)

is of higher order compared to the other error estimates and the error |u; — ullo6,0 + ll6; — ollo3,0 = O(h]’.") ifwe
take h; = O(h]?jf ) for some positive e. In practice, adaptively refining mesh via newest vertex bisection or red
refinement satisfies the relation h]?_l < }lhj_l < hj, which implies that the additional term can be negligible in
the adaptive algorithm in contrast to the result in [14], where this additional term is not negligible as refinements
proceed. The reason is that, in the second step of his two-grid algorithm, the nonlinear problem is linearized
locally at the solution obtained in the fixed coarse space. When the linearized problem in the second step is
solved in a fine mesh, as the mesh refinement proceeds, the additional term becomes relatively large. This issue
can be resolved by using our multi-level algorithm, where the nonlinear problem is linearized locally at the
solution obtained on the very previous mesh.

Combining Lemmas 3.15-3.18, we arrive at the following efficiency estimates.

Theorem 3.20 (Efficient A Posteriori Error Estimate). For the solution ¢ = (o, u) of problem (3.8)-(3.9) and the
approximate solution ¢; = (aj, u;) to problem (3.23)-(3.24), we have

nj < 19 = ¢jllx + osck(f, Tj),
where
2 . 2 2
osck(f, Tj)” = min_hzlf - £l 7-
! T;,}. filrebune 10 TOT
Note that the derived a posteriori error estimator is efficient and reliable, i.e., the efficiency index

EL:= n;/ll¢ - ¢jllx

and its reciprocal are bounded for all triangulations.

4 Application 2: Semilinear Elliptic Equations

We consider the semilinear boundary value problems of the form

-Au+GA,u)=0 inQ,
u=0 onoQ,

4.1

where G: D(G) c R x Hé(Q) S L2(Q)isa given mapping. This problem has been treated in [7] for d = 2. Mul-
tiplying by test functions and integrating by parts, we obtain the following weak formulation of problem (4.1):
find u € Hy(Q) such that
J’ Vuvu dx + I G, wvdx=0 forallve H)(Q). 4.2)
Q Q
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4.1 BRR Framework for SEE

We define the continuous linear operator S: f € L%(Q) — Sf = w € H})(sz) N H%(Q) which maps f onto the solu-
tion w of the following problem: given a function f € L%(Q), find the unique solution w ¢ Hé(sz) N H2(Q) such
that

J VWV dx = va dx forallv e Hy(Q).

Q Q
Introducing the operator S, problem (4.2) can be written in the equivalent way

F(A,u)=u+SG(A,u) =0. 4.3

In order to approximate the solution of problem (4.3), given a finite-dimensional space Xj c Hé(sz), we define
the linear operator Sp,: f € L2(Q) — Sif = wy € Xp, such that

J VwpVuy dx = vah dx forall vy € Xp.
Q Q
Then the approximation of nonlinear problem (4.3) is to find (4, u") € (R x X) n D(G) such that

Frp(A, uM) = u + S, uM) = 0. (4.9

We analyze problem (4.1) with G(A, u) := G(u) = u® - f for a = 2 or 3 and a given function f € L?(Q), which
was analyzed in [20] for a = 3. The following details are only given for the reader’s convenience. In order
to apply Theorem 2.1, we take X = .2" := H},(Q) and Y := Z := L*(Q). Since the mapping G is C* and D?G is
bounded on all bounded subsets of X := H(l)(Q), hypothesis (H1) holds. And since HY(Q)is continuously imbed-
ded in LP(Q) with 1 < p < 6 for d < 3 by Sobolev imbedding theorem, the function u® belongs to L%(Q), i.e.,
G(u) € Y and DG(u) € Z(X;Z) for all u € X. Hence, hypothesis (H2) holds. Let X} c Hé(sz) be a conforming
finite element space of piecewise polynomials of degree k > 1 defined on the triangulation T}. It is well known
that, for f* € H"(Q) with2 < r < k+1,

IS = Sn)f*lls,2 < CR™*ISf "2 < CR™*If*llr-22, $=0,1, (4.5)

where |- [l;2 := I |z and |- llo,2 := |- l2(g), which yields that hypotheses (H3)-(H4) hold. From [7, Theo-
rem 3.1], we have a unique nonsingular solution u € Hé (Q) N H%(Q) of problem (4.1). From Theorem 2.1 and (4.5),
there exists a unique nonsingular solution u” of (4.4) such that [|u — u[|1 2 < CI[(S - Sp)G(u)|l12 < Chllull2,2. We
notice that the error bound ||u - uhllo,z < Ch2||u||2,2 was also derived in [20].

4.2 Error Estimates for Multi-level Algorithm for SEE

We generate a shape-regular triangulation Tj,¢ from T (j > 1) with newest vertex bisection or longest edge
bisection. For simplicity, we let X; := Xjp,. Then, for problem (4.1) with G(4, u) = u® - f, the multi-level algorithm
reads as follows.

Step1 (Nonlinear solver) Find uy € Xp such that

J VuoVu dx + J ugv dx = va dx forallv e X. (4.6)
Q Q Q

Step 2 (Linear solver) For 1 <j < J, find u; € X; such that

J Vu;jVudx + a J u]‘."_‘l1 ujvdx = J((a - l)u]‘.z_lv +fv)dx forallv e X;. 4.7)
Q Q Q

Algorithm 3: Multi-level algorithm for SEE
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Theorem 4.1 (A Priori Error Estimates). Let f € Y. Let u be a solution of (4.1), uq the solution of (4.6), and u; the
solution of (4.7). Assume that u € H"(Q) for 2 < r < k + 1. Then we have, for a constant C > 0 that depends on
llullz,2 and independent of mesh sizes,

lu=uilsz < COETY + 1), s=0,1.
Proof. See [20, 22]. O
Remark 4.2. By referring to [20], we can prove that the result of (2.5) holds for X = L%(Q)aswell as X = Hé(Q).
Moreover, we see that if the exact solution u is in WI%(Q) withp>2ford=2andp = % for d = 3, then the
following result holds:

I = wjll,2 < Clu® = ujall§ , (< ChY ), (4.8)

which shows improvement O(h}*_l) compared with the result O(h]?_l) via (2.5).

From Theorem 2.8, we observe that
IFupllx = lluj + SG(uplx = lluj — ullx,

where il € Hé(Q) N H%(Q) is the unique solution for the Galerkin formulation of the linear elliptic equations
(Vu,vou) = (f - v) forall v € X. 4.9)

The following error equations immediately follow from (4.7)—(4.9). For w; := u] - auju ] Lt (a-1)us Uiy,

(Vi - Vuj, Vv) = —=(wj,v) forallv € X;. (4.10)
Let Ri(f) := f + Auj - uf' and e = i - uj.

Theorem 4.3 (Reliable A Posteriori Error Estimates). For the error e, we have |e|1 5 < r)] + A]?, where the error esti-
mator n; is defined by n? j ZTG‘IJ_ nj(T)? with the local error estimator nj(T) given by

he |1 9u;j
NHTY = REIR()IE 5 7 + 2[5 ]||
Ee aI\ag 0.2,F
and Aj = ||uj - uj11§ 5  for a = 2 and Aj = |[uj — wj1lI§ 4 olluj + 2uj-1llo 3.0 for a = 3.
Proof. By integration by parts and (4.10), we get
lel}, = (Vi - Vuj, Ve - VPj&) + (Vil - Vuj, VP;e)
1 ou
:_Z((Au Auj, e - P,e)T—— Y <[ ]] g > )—(Wj,Pjé),
TeT; EeaT\aQ
where P; is L2-projection onto X;. Using the error estimates of L2-projection, we conclude the proof. In fact, to
estimate the term (wj, P;é), we use Holder inequality and Sobolev imbedding theorem. Then we have, for a = 2,
(), Pjé)| < Il(wj — uj-1)*llo3/2llPjellos < I — wjalg 5léls,a,

and for a = 3,

|(wj, Pié)l < Il(wj — uj—1)*lo2lluj + 2uj-1llosIPjelloe < luj — uj—1||(2),4||uj +2uj-1ll0,3/€l1,2- O
Remark 4.4. Assume that h]?_l < hj for j > 0. Then, by the triangle inequality, the Sobolev imbedding theorem,
which is that H(Q) is continuously imbedded in LP(Q) for p € [1, 6], and Theorem 4.1, we have, for ¢ = 3 or 4,

Iy = w13 ¢ < I =l g + N — wjalG o < g = ullf 5 + lu - ujallf
< (h (r-1) +hr 1)2 + (hz(r 1) + hr 1)2 O(hz(r 1))’
and
luj + 2uj-1llo,3 < llwj + 2uj-1 = 3ully,2 + 3llull2 < C,

where a constant C depends on |lullz2 and is independent of mesh sizes. As in the case of the Navier—Stokes
equations, the additional term wj is of higher order O(hz(r 2 ) compared to the other error estimates and the
error [[u; — ully2 = O(hr 1) if we take hj = (i)(h2 1) for some positive . Efficient a posteriori error estimates can
be derived in a way 31m11ar to those addressed in the NSE using the usual inverse inequalities introduced in [25].
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5 Adaptive Multi-level Algorithm

We introduce an adaptive multi-level algorithm for nonlinear problems based on the local error estimator n;(T)
and the global error estimator n; driven in Section 3 and 4. The adaptive procedure for the nonlinear problem
goes as follows: find ¢ from Step 1 of Algorithm 1 on a given initial (uniform) mesh Ty, form a mesh 77 uniformly
refined from T, and generate an adaptively refined mesh 7,1 from J; (j > 1) by repeating the following process:

SOLVE — ESTIMATE — MARK — REFINE ‘

The step SOLVE means to perform Step 2 of Algorithm 1 on the mesh T; (j > 1). This process is iterated until
the global error estimator n; becomes smaller than a given tolerance. We organize the adaptive multi-level
algorithm for the nonlinear problems.

Input: Initial (uniform) mesh Ty, parameter 6, and tolerance tol.
Output: Final mesh 7 and approximate solution ¢; for J > 1.
Find ¢ from Step 1 of Algorithm 1 on Tp.
Form a mesh 77 uniformly refined from 7.
Obtain ¢, from Step 2 of Algorithm 1 on 77.
Compute the local error estimator n1(T) and global error estimator 1.
j=1
while n; > tol do
Mark a set Mg, ¢ T such that ZTqurj nj(T)? > an (bulk strategy).
ji=j+1
Generate a conforming triangulations J; from TJj_q by refining T € Mg, .
Obtain ¢; from Step 2 of Algorithm 1 on 7.
Compute the error estimators n;(T) and n;.

Algorithm 4: Adaptive multi-level algorithm

For the reader’s convenience, we present Figure 1in order to explain the outline of the (uniform/adaptive)
multi-level algorithm. The details of the uniform multi-level algorithm can be found in [22]. Figure 1 depicts
the multi-level algorithm compared with the usual nonlinear solver (e.g., Newton—Raphson algorithm). The
nonlinear solver finds discrete nonlinear solutions by iteration on a much higher-dimensional fixed space X;
than Xy. The multi-level algorithm finds the solution @, from the nonlinear solver on the low-dimensional space
X, and then repeatedly finds ¢; by only one iteration on X; with starting value ¢;_; forj = 1, ..., J. The notations

hy

h
P = ¢o fup (i) b1 % ~ ¢
° ° . ® e | [0}
° [ ]
° [ ]
h hy
2“ ) N ®
h hy
1“ ° p [ ]
h hy
0” ° 0o @
Multi-level algorithm Nonlinear solver

Figure 1: Multi-level process computing ¢; € X; c X,j = 0,1, ..., ]/, with / finest level
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{qﬁﬁ”}i"zo and {qb',y }I;f: , denote the iteration sequence obtained from the nonlinear solver on the space X and Xj,
respectively. The thickness of the arrows indicates the computational costs at the given level; thicker means
higher costs.

6 Numerical Experiments

In this section, we perform various numerical experiments to test our adaptive multi-level algorithm and to
validate the theory analyzed in this paper. We present the convergence of various errors and indicators on both
uniform and adaptive meshes. In particular, we will numerically verify that the adaptive multi-level algorithm
has the quadratic convergence in the sense of (2.5).

6.1 Semilinear Elliptic Equations

We approximate the semilinear elliptic problem (4.1) with G(A, u) = u® - f, a = 2, 3, by using a conforming finite
element space of piecewise linear polynomials. We introduce the following quantities: for 1 <j </,

Ej1(T) := hrlRi(Fllo,2, 7,

1 ) 1/2
Eai=(5 Y helVw nliE,;)
EcoT\0Q

lwj — uj-aliy a=2

E3(T) = ] i) 0,3,T° 4
J: 2

lwj = wjallg 4 Wy + 2uj-1llos,r, @ =3.

We define the local error estimator n;(T) by
Ni(T) = (Eja(T): + Eja(T)* + Ej3(T)?) 2,

the global error estimator n; by
1/2
m= (Y n(?) ",
TeT;

and efficiency indices EI; by
B nj
Clu-ujle
To show the performance, we consider two test examples: one with a boundary layer, the other with a corner
singularity.

EJ;:

Example 6.1 (A Solution with a Boundary Layer). We consider SEE (4.1) with
GAhw=u"-f, a=2,3 and Q=(0,1)x(0,1).

The exact solution u,

u(x,y) = (1 -0 - y)e D,

specifies data f.

In Table 1, we present convergence history of multi-level algorithm and nonlinear solver on the uniform meshes.
Here, Ne; means the number of elements at J;. The solution obtained from the multi-level algorithm is as accu-
rate as the nonlinear solver at each level j. But we observe that various errors up to low levels (j < 2) exhibit
non-optimal convergence behavior since meshes in low levels are in the pre-asymptotic range. We see that the
errors have optimal order of convergence by carrying out more uniform refinement (j > 3). However, in this
uniform refinement, for high levels j > 3, the number of elements at J; increases rapidly and the finite element
space X; requires too many degrees of freedom, which necessitates the adaptive multi-level algorithm.
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Multi-level algorithm Nonlinear solver
a j Nei(1/h;)  llu - ujllo,2 CO  |u-uj2 €O Jlu-uh, €O |u—ubi|, co
20 256(8) 6.6907e-1 1.9446e+1 6.6901e-1 1.9446e+1
1 1024(16)  2.0875e-1  1.68  1.1322e+1 0.78  2.0263e-1 172  1.1314e+1 0.78
2 4096(32) 5.3730e-2 1.96  5.8497e+0  0.95 5.3255e-2 193  5.8494e+0 0.95
3 16384(64) 1.3509e-2  1.99  2.9470e+0  0.99 1.3482e-2 198  2.9470e+0  0.99
4 65536(128)  3.3828e-3  2.00 1.4762e+0 1.00  3.3812e-3 2.00 1.4762e+0 1.00
5 262144(256) 8.4606e-4 2.00 7.3843e-1 1.00  8.45%e-4 2.00 7.3843e-1 1.00
3 0 256(8) 6.1077e-1 1.9426e+1 6.1077e-1 1.9426e+1
1 1024(16)  2.1849e-1 148  1.1368e+1  0.77 1.8097e-1 175 1.1307e+1 0.78
2 4096(32) 5.1247e-2  2.09 5.8541e+0 096  4.7263e-2 1.94  5.8500e+0  0.95
3 16384(64) 1.2075e-2  2.09  2.9472e+0  0.99 1.1936e-2  1.99  2.9471e+0  0.99
4 65536(128)  2.9973e-3  2.01  1.4762e+0 1.00  2.9917e-3 2.00 1.4762e+0 1.00
5 262144(256) 7.4873e-4 2.00 7.3844e-1 1.00  7.4840e-4 2.00 7.3844e-1 1.00

Table 1: Convergence orders (CO) of various errors on uniform meshes for Example 6.1

a=2 a=3
J Ne lu-ujlz nj EL; J Ne  |u-ujli2 nj EL;
0 256  1.9446e+1 0 256  1.9426e+1
1 1024  1.1320e+1 5.7659e+1  5.09 1 1024  1.1368e+1 5.8250e+1 5.12
2 1076  7.5222e+0 3.8374e+1  5.10 2 1076  7.5233e+0 3.8552e+1 5.12
3 1260  5.1540e+0 2.5581e+1  4.96 3 1257  5.2785e+0 2.6042e+1  4.93
9 20447 7.4173e-1 3.6179%e+0  4.88 9 19876 7.4923e-1 3.6707e+0  4.90

10 36448 5.3738e-1 2.660%9+0 4.95 10 35236 5.4581e-1 2.7078e+0 4.96

Table 2: Efficiency indices on adaptive meshes for Example 6.1

In Table 2 and Figures 2 and 3, we present numerical results from the adaptive multi-level algorithm.
Efficiency indices EI; = nj/|u — ujly,» are presented in Table 2. The history of errors |u — uj|1,» and nj;, and the
efficiency indices EI; are plotted with a logarithmic scale in Figure 2, where the x-axis represents the number of
elements. Numerical data for EI; show that the a posteriori error estimate is numerically reliable and efficient.
The superiority of the adaptive multi-level algorithm can be clearly seen in Tables 1 and 2. Indeed, e.g., when
a = 2, the accuracy on uniform mesh with N = 262,144 in Table 1 is comparable to the accuracy on adaptive
mesh with Ng; = 36,448 in Table 2 (see boldface in Tables 1 and 2). Figure 3 shows convergence orders of the
indicators. The symbols in the legend of Figure 3 represent the indicators such as

Epi=( Y Ej,k(T)z)l/z, k=1,2,3.
TeT;
In Figure 3, we observe that the additional term E; 3 is of higher order than the other indicators for both uniform
and adaptive meshes as mentioned in Remark 4.4.
To examine quadratic convergence behavior in the sense of (2.5) for X = L%(Q) and in the sense of (4.8), we
investigate the difference between u;_1 and u', and the difference between u;j and u’ in the L? or H'-norm,
and their ratios. In Figure 4, we present these quantities and the ratios RL; and RHj, where

. . luhi = ujllo,2
dLjq = |u" - uj1log, dLj:=|u" - ujloz, RLj:= h—]z
lu® - uj—l"o)g

. A [ul - ujly,
dHj 1 := uli - Uj-1llo,s, dHj:= luli - Ujli2, RHj:= h—JZ
flu" — uj71||0’4

The ratios RL; and RH; are almost constant, which means that our adaptive multi-level algorithm retains
quadratic convergence of Newton’s method across different mesh levels.
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Figure 2: The history of errors |u — ujl1 2 and r;, and EI; on adaptive meshes for Example 6.1
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Figure 4: The history of quadratic convergence and various differences for Example 6.1
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We present the adaptive meshes J; for j = 0,1, 2,10 and the approximate solution uo on the final mesh
T for @ = 2 in Figure 5. We see that the adaptively designed meshes properly express the characteristics of the
solution with a boundary layer in the upper right corner.

Example 6.2 (A Solution with a Corner Singularity). We consider SEE (4.1) with G(A, u) = u® - f, a = 2,3, and L-
shaped domain Q = (-1, 1) x (-1, 1)\[0, 1) x (-1, 0]. The exact solution u in polar coordinates (r, 0),

u(r, 0) = r¥3sin(26/3) + rf sin(26/3),

specifies data f. On the Dirichlet boundary I'p := {0} x [-1,0] U [0, 1] x {0}, u = 0, and on the Neumann bound-
ary 'y := 0Q\TI'p, Vu - n = gy for the unit outward normal vector n.

We note that Av = 0 for v := r¥3sin(26/3) € H5(Q) with s < 5/3, and for § > 1, w := rf sin(20/3) € H*(Q) and
Gu)=u"-f=Awe L%(Q). We take B =1.01 for the numerical test. Note also that a priori error estimates
for the Poisson model case on the L-shaped domain are well known (see [15, Remark 4.1, Example 4.5 and
Problems 4.7]); for any € > 0,

lu—unlli2 < R Cllullgsn-cy, Iu—unllog < R lullgss-eq)- 6.1
To take the Neumann part of the boundary condition into account, we modify indicator E;» as follows:
1 ) 5 1/2
BaDi= (5 Y hellVu mllsp+ Y helVuyn-gwliy;) -

E€dT\0Q EedTnly

We only provide results for a = 2 as the case a = 3 shows similar behavior. We observe from Table 3 that con-
vergence orders on the uniform meshes are in par with the Poisson problem (cf. (6.1)). In Table 4 and Figure 6,
we display history of errors on the adaptive meshes for each level j, which shows the full rate of convergence.

Multi-level algorithm Nonlinear solver

j Na@/h)) llu-ujlloz €O |u-ujliz €O [u—ubo, 0 |u-uM,, €O
0 96  2.3413e-2 2.3451e-1 2.3413e-2 2.3451e-1

1 384 9.7023e-3 1.27 1.4761e-1 0.67 9.7329e-3 1.27  1.4760e-1 0.67
2 1536  3.9676e-3 1.29  9.1644e-2  0.69 3.9724e-3 129 9.1644e-2  0.69
3 6144  1.5829e-3 1.33 5.6567e-2 0.70 1.5836e-3 1.33  5.6561e-2 0.70
4 24576  6.2119e-4 1.35 3.4866e-2 0.70 6.2129e-4 135 3.4866e-2 0.70
5 98304 2.4160e-4 136 2.1517e-2 0.70 24161e-4 136 2.1517e-2 0.70

Table 3: Convergence orders (CO) of various errors on uniform meshes for Example 6.2
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0 96 2.3457e-1

1 384  1.4761e-1  4.8126e-1 3.26
2 415 1.1532e-1  3.7244e-1 3.23
3 548  8.9599e-2  2.8853e-1 3.22
4 991  6.5174e-2  2.0990e-1 3.22
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Figure 6: Convergence orders of errors and Table 4: Errors and etas, and efficiency indices

etas on adaptive meshes for Example 6.2 on adaptive meshes for Example 6.2
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The superiority of the adaptive multi-level algorithm can be clearly seen in Tables 3 and 4. Indeed, the accuracy
on uniform mesh with N = 24,576 in Table 3 is comparable to the accuracy on adaptive mesh with N¢ = 3,705
in Table 4 (see boldface in Tables 3 and 4).

InFigure 7 (a) and (b), we present indicators and their convergence orders on uniform and adaptive meshes,
respectively. The convergence order of additional term Ej3 is higher than that of the other indicators Ej
and Ej. The ratios RL; and RH; are almost constant in Figure 7(c) and (d), which means that our adaptive
multi-level algorithm retains quadratic convergence of Newton’s method across different mesh levels.

We present adaptive meshes T; for j = 0, 1, 2, 6 and the approximate solution ug on the mesh T in Figure 8.
We see that the adaptively designed meshes well reflect the corner singularity of the solution.

6.2 Navier-Stokes Equations

Now, we consider Navier—Stokes equations (3.1)-(3.3). We use the lowest-order Raviart—-Thomas finite element
space X; = ET(Z,(‘J}) X P(z)(il'j). We introduce the following error indicators: for 1 <j < J,

Ej1(T) := hrlRj(Fllo,2, T, E;j»(T) := hr|Agj - Vujll%,z,p
1 1/2
Eja(T) = hrlCurl(A6)lo .1, Bl = (5 Y hellyeAoli,z)
EeT\0Q
1/2 1/2
Es(D)i=( Y helyeAo;-ld,z)  EeMi=( Y helg-gil,e)
EeTnoQ EeTnoQ

Ej7(T) = |l(uj — uj_1) - A(0j - 6j-1)llo,6/5,7-

We define the local error estimator n;(T) by

7 1/2
nj(T) = (Z E,-,k<T)2) ,
k=1

the global error estimator n; by

m=( ) nj(T)Z)l/z,

TeT)

and efficiency indices EI; by
= —’7]
¢ - @jllx
Example 6.3 (A Solution with a Boundary Layer). We consider NSE (3.1)-(3.3) with Q = (0,1) x (0,1) and v = 1.
The exact solutions u = (u1, uz) and p,

El; :

th(xy) = %XZ)'(X ~1)2(y - 1)(dy - 10y + 10y* - 2)e!00yD,
uz(X,y) = —%Xyz(x — 1Dy - D*(4x - 10x + 10x* — 2)e!0>~D,
p(x,y) = cos(mx) cos(my),

specify data f and g.

Table 5 shows convergence history of multi-level algorithm and nonlinear solver on uniform meshes. We
observe that the errors ¢ — ¢;llx up to low levels (j < 2) exhibit non-optimal convergence behavior since
meshes in low levels are in the pre-asymptotic range. We see that the errors have optimal order of convergence
by carrying out more uniform refinement (j > 3). However, in this uniform refinement, for high levels j > 3,
the number of elements at J; increases rapidly and the finite element space X; requires too many degrees of
freedom as in Example 6.1; the adaptive multi-level algorithm is beneficial.
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Multi-level algorithm Nonlinear solver
J Na(1/h))  li¢ - ¢jlix co I -¢"Ix  co
0 256(8)  7.903738e+0 7.903738e+0
1 1024(16)  4.556065e+0  0.795  4.556080e+0  0.795
2 4096(32) 2.436524e+0  0.903  2.436521e+0  0.903
3 16384(64)  1.245096e+0  0.969  1.245096e+0  0.969
4 65536(128) 6.262103e-1 0.992  6.262102e-1  0.992
5 262144(256) 3.135742e-1  0.998  3.135742e-1  0.998

Table 5: Convergence orders (CO) of errors on uniform meshes for Example 6.3

Ne 19 - ¢lix nj EI;

J
0 256 7.903738e+0

1 1024  4.556065e+0  1.164e+1  2.554
2 1206 2.472931e+0  4.728e+0  1.912
3 1486  1.525288e+0  2.924e+0  1.917
4 2260  1.137552e+0  2.025e+0  1.780
5

6

7

8

9

3492 7.797460e-1  1.455e+0  1.866
6130 5.987671e-1 1.066e+0  1.780
10614 4.118791e-1  7.717e-1 1.874
20130  3.183675e-1  5.678e-1  1.783
35736 2.221120e-1  4.165e-1  1.875

Table 6: Efficiency indices on adaptive meshes for Example 6.3

We present results for the adaptive multi-level algorithm applied to Example 6.3 with a boundary layer in
Table 6. The superiority of the adaptive multi-level algorithm can be clearly seen in Table 5 and Table 6. Indeed,
the accuracy on uniform mesh with N = 65,536 in Table 5 is comparable to the accuracy on adaptive mesh
with Ng = 6,130 in Table 6 (see boldface in Tables 5 and 6). We present the history of errors [¢ — ¢;llx and n;,
and the efficiency indices EI; in Figure 9 (a)

Figure 9 (b) and (c) illustrate the history of indicators on uniform and adaptive meshes, respectively. Here,
the indicators Ej x in Figure 9 (b) and (c) are defined by

Euo= (Y En?)", k=12.....7.
TeT;

We observe that the additional term Ej 7 has smaller value and is of higher order than the other indicators for
both uniform and adaptive meshes as mentioned in Remark 3.19. Similar behavior has been observed in the
case of SEE.

To examine the behavior of quadratic convergence in the sense of (2.5), we investigate the difference
between ¢;_1 and ¢', and the difference between ¢;j and @', and their ratios. These quantities are displayed
and particularly ratios RX; are plotted by bold line in Figure 9 (d). Notations of the legend in Figure 9 (d) are
defined by

19" - jlx

16" ~ gjaly

We find that the ratios RX; are almost constant, which means that our adaptive multi-level algorithm maintains
quadratic convergence of Newton’s method across different mesh levels.

In Figure 10, we exhibit some meshes T} for j = 0,1, 2, 6 generated by the adaptive multi-level algorithm
and a graph of the final approximate solution ug measured in Euclidean norm on Jg. We see that the adaptively
designed meshes properly express the characteristics of the solution with boundary layers in the upper right
corner.

dXjq = 10" - ¢jalx,  dX;:= 9" - ¢jllx, RX;:=
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Figure 9: Various behaviors for Example 6.3

7 Conclusion

The adaptive multi-level algorithm analyzed in this paper can be used to efficiently solve nonlinear problems
with singularity or layer. We start with a nonlinear system on a very coarse mesh and then solve linearized
system on the successively refined meshes with adaptivity. The BRR framework facilitates to use the general
theory established for a linear problem associated with given nonlinear equations. In particular, a posteriori
error estimates for the linear problem can be utilized to find reliable error estimators for the nonlinear problem.

As applications, the Navier—Stokes equations and the semilinear elliptic equations are considered. Residual
typereliable and efficient a posteriori error estimators are constructed for the adaptive multi-level algorithm for
the considered problems. With few modifications we apply existing a posteriori error estimators for the linear
Stokes equations and elliptic equations corresponding to the NSE and SEE, respectively. Note that the multi-level
algorithm with uniform meshes has quadratic convergence in the sense of (2.5). We emphasize that the multi-
level algorithm with adaptive meshes retains quadratic convergence of Newton’s method across different mesh
levels, which is validated from the numerical results presented in this paper.
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Figure 10: Meshes and |ug| generated by the adaptive
(e) Graph of |ug| multi-level algorithm for Example 6.3
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