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Abstract: In this article, we propose an adaptive mesh-refining based on the multi-level algorithm and derive
a unified a posteriori error estimate for a class of nonlinear problems. We have shown that the multi-level
algorithm on adaptive meshes retains quadratic convergence of Newton’s method across different mesh levels,
which is numerically validated. Our framework facilitates to use the general theory established for a linear
problem associated with given nonlinear equations. In particular, existing a posteriori error estimates for the
linear problem can be utilized to find reliable error estimators for the given nonlinear problem. As applications
of our theory, we consider the pseudostress-velocity formulation of Navier–Stokes equations and the standard
Galerkin formulation of semilinear elliptic equations. Reliable and efficient a posteriori error estimators for
both approximations are derived. Finally, several numerical examples are presented to test the performance of
the algorithm and validity of the theory developed.

Keywords: Nonlinear Problem, Navier–Stokes Equations, Pseudostress, A Posteriori Error Estimates,
Multi-level Algorithm, Newton’s Method
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1 Introduction
Adaptive mesh-refining plays an important practical role in accurate and efficient calculation of the numerical
solutions of partial differential equations. A posteriori error estimates are an essential ingredient of adaptivity.
They are composed of the known values such as the given data of the problem and the computed numerical
solutions. Various a posteriori error estimates for finite element methods for second-order elliptic problems
have already been studied in [1, 2, 8, 17, 19], for the Stokes problem in [9, 26], and for the Navier–Stokes problem
in [12, 14]. Particularly, the nonlinear elliptic equations were considered in [19]. There, a priori and a poste-
riori error estimates measured in the Lm(Ω)-norm in the framework of Brezzi–Rappaz–Raviart (BRR) (cf. [4])
were derived. The framework was designed for approximation of branches of nonsingular solutions for a class
of nonlinear problems. The theories developed by BRR were applied to study mixed approximation of scalar
elliptic problems with gradient nonlinearities in [16, 19]. The theories applied to the velocity-pressure formula-
tion of the Navier–Stokes equations can be found in [13]. The authors of [12, 14] constructed a posteriori error
estimators for the two-level method for the Navier–Stokes equations.

In this paper, we derive a unified a posteriori error estimate for the approximate solutions of the multi-
level algorithm developed in [22] for a class of nonlinear problems in the framework of BRR. The multi-level
algorithmusing a two-grid idea is an efficient numericalmethoddesigned to resolve nonlinearities. The two-grid
algorithm (see [20, 27, 28]) is first applied, and in the subsequent process, uniformmesh refinement is exploited
to deliver a desired accuracy and convergence; as the mesh is being refined, the solution on a given mesh is
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exploited as an accurate starting iterate for solutions on the next mesh level. The multi-level algorithm has
quadratic convergence in the sense of equation (2.5) in Theorem 2.5.We apply this strategy to efficiently compute
numerical solutions by adaptive mesh refinement. We emphasize that the multi-level algorithm on adaptive
meshes retains quadratic convergence of Newton’smethod across differentmesh levels, which is validated from
the numerical results presented in the last section. The BRR framework facilitates to use the general theory
established for a linear problem associated with given nonlinear equations. In particular, existing a posteriori
error estimates for the linear problemcanbeutilized to find reliable error estimators for the nonlinear problem.
We mention that this approach is quite general and can be applied to any numerical scheme for nonlinear
problems satisfying the BRR framework.

As applications, we consider the pseudostress-velocity formulation of the stationary Navier–Stokes equa-
tions (NSE) and the standardGalerkin formulation of semilinear elliptic equations (SEE). Finite elementmethods
for the velocity-pressure and the stress-velocity-pressure formulation of the NSE have been analyzed for
decades (cf. [3, 13]). The stress-velocity-pressure formulation is the original physical equations for incompress-
ible Newtonian flows induced by the conservation of momentum and the constitutive law. The mixed finite
element methods for the pseudostress-velocity formulation have been recently established in for the Stokes
[6, 10] and the Navier–Stokes equations [5, 21]. The pseudostress-velocity formulation has several advantages.
The pseudostress is nonsymmetric unlike stress tensor and approximated by the RTk elements, Raviart–Thomas
elements of index k ⩾ 0. Moreover, the approximation of the pressure, the velocity gradient, or even the stress
can be algebraically obtained from the approximate value of the pseudostress.

For adaptivity, we derive reliable and efficient residual-based a posteriori error estimators for our multi-
level algorithm for the NSE. Wemention existing works on the adaptive two-level algorithm. The authors in [12,
14] derived reliable a posteriori error estimators for the two-levelmethods for the velocity-pressure formulation
of theNSE. In comparison to usual adaptive finite elementmethods [10, 18, 19, 23, 25], the estimators for two-level
algorithm contain an additional term which measures the difference between coarse and fine grid solutions. If
the additional termmeasures the difference between consecutive levels and is of higher order (and negligible),
then the link between levels does not effect the computation, which is computationally more advantageous.
Indeed, this additional term is negligible in ourmulti-level setting in contrast to [14]. See Remark 3.19 for further
details. As the second application of the unified framework, we consider the standard Galerkin method for the
SEE and derive reliable a posteriori error estimators. It turns out that behavior of the additional term arising
from SEE is similar to that of NSE. Note that our algorithm can be applied to other problems such as the elliptic
problem with gradient nonlinearities (cf. [16, 19, 20, 24]).

The remainder of this paper is organized as follows. In the next section, we introduce approximation of
branches of nonsingular solutions based on the BRR theory andmulti-level algorithmanalyzed in [22].Wederive
a unified a posteriori error estimate for the approximate solutions of themulti-level algorithm for a class of non-
linear problems in the framework of BRR. Section 3 and Section 4 are devoted to applying the algorithms to the
NSE and the SEE, respectively, and constructing a posteriori error estimators of residual type. Section 5 presents
our adaptivemulti-level algorithm. In Section 6, numerical results are presented to show the performance of the
algorithms and to validate the theory developed in this paper. Concluding remarks are given in the last section.

2 BRR Theory and Multi-level Algorithm
In this section, we start with the abstract approximation theory of Brezzi, Rappaz and Raviart for nonlinear
problems developed in [4, 7, 13]. Thenwe introduce themulti-level algorithm analyzed in [22], which is amethod
to solve resulting nonlinear algebraic equations.

From here to the Remark 2.6, we will use the same parts of what we described in [22]. Let X, X and Y
be real Banach spaces with the norms ‖ ⋅ ‖X , ‖ ⋅ ‖X and ‖ ⋅ ‖Y , respectively, and assume that X 󳨅→X , continu-
ously imbedding. Let Λ ⊂ ℝ be a compact interval and denote by L (X; Y) the set of all linear and continuous
operators from X into Y . For a given C2 map G : Λ × X → Y , we consider the following nonlinear problem: find
(ν, ϕ) ∈ Λ × X such that

F(ν, ϕ) := ϕ + SG(ν, ϕ) = 0, (2.1)
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where S ∈ L (Y;X ) is a linear operator independent of ν. The set {(ν, ϕ(ν)) : ν ∈ Λ} is called a branch of solu-
tions of (2.1) if F(ν, ϕ(ν)) = 0 and the map ν → ϕ(ν) is continuous from Λ into X. If the Fréchet derivative
DϕF(ν, ϕ(ν)) of F with respect to ϕ is an isomorphism from X ontoX for all ν ∈ Λ, then the branch of solutions
{(ν, ϕ(ν)) : ν ∈ Λ} is called nonsingular. To approximate the solution of problem (2.1), we introduce an operator
Sh ∈ L (Y;X ) intended to approximate the linear operator S, where h > 0 is a real parameter which will tend
to zero. The approximation of nonlinear problem (2.1) is to find ϕh ∈ X such that

Fh(ν, ϕh) := ϕh + ShG(ν, ϕh) = 0. (2.2)

We assume that the following hypotheses.
(H1) G is a C2-mapping from Λ × X into Y , and the second-order Fréchet derivatives of G are bounded on all

bounded subsets of Λ × X.
(H2) There exists another Banach space Z 󳨅→ Y , continuously imbedding, such that

DϕG(ν, ϕ) ∈ L (X; Z) for all ν ∈ Λ and all ϕ ∈ X.

(H3) For all y ∈ Y , limh→0‖(S − Sh)y‖X = 0.
(H4) limh→0‖S − Sh‖Z;X = 0.
Under the hypotheses, existence of a unique branch of nonsingular solutions of problem (2.2), its a priori error
estimate and its convergence property are stated below. We skip the proof since it is very similar to that of
[13, Theorem IV.3.3]. We introduce the following quantities:

μ(ν) := ‖DϕF(ν, ϕ(ν))−1‖X ;X , ̄μ := sup
ν∈Λ

μ(ν),

L(ψ∗(ν), ξ) := sup
ν∈Λ,ψ∈B(ψ∗(ν),ξ)‖D2ϕG(ν, ψ)‖X2;Y , (2.3)

where B(ψ∗(ν), ξ) := {ψ ∈ X; ‖ψ∗(ν) − ψ‖X ⩽ ξ}.

Theorem 2.1. Assume that (H1)–(H4) hold and that {(ν, ϕ(ν)) : ν ∈ Λ} is a branch of nonsingular solutions of
(2.1). Then there exist ̄ξ > 0 and h̄( ̄ξ) > 0 such that, for all h ⩽ h̄( ̄ξ), there is a C2-function ϕh : Λ → X satisfying
that {(ν, ϕh(ν)) : ν ∈ Λ} is a branch of nonsingular solutions of (2.2), ϕh(ν) is the only solution of (2.2) in the ball
B(ϕ(ν), ̄ξ) for all ν ∈ Λ, and for K1 := 4μ(ν) and a constant CS > 0, the following estimates hold:

‖ϕ(ν) − ϕh(ν)‖X ⩽ K1‖Fh(ν, ϕ(ν))‖X = K1‖(S − Sh)G(ν, ϕ(ν))‖X for all ν ∈ Λ,
‖DϕFh(ν, ϕh(ν))−1‖X ;X ⩽ 2‖DϕFh(ν, ϕ(ν))−1‖X ;X ⩽ 4‖DϕF(ν, ϕ(ν))−1‖X ;X ⩽ K1 ,

‖Sh‖Z;X ⩽ CS .

Note that, since Λ is compact, the function μ(ν) is bounded above on Λ. Thus, if needed, we can take K1 as
the constant independent of not only h but also ν, i.e., K1 := 4 ̄μ. You may refer to [22] for proofs of Lemma 2.2,
Theorem 2.5 and Theorem 2.7 that follow in this section.

Lemma 2.2. Assume that (H1)–(H4) hold and that DϕF(ν, ϕ̃) for ϕ̃ ∈ X is an isomorphism from X onto X . Then
there exists ξ∗ = ξ∗(ϕ̃) > 0 such that if ψ ∈ B(ϕ̃, ξ) ∩ X for 0 < ξ ⩽ ξ∗, then DϕF(ν, ψ) is an isomorphism from
X onto X and there exists h∗ = h∗(ϕ̃) > 0 such that if 0 < h ⩽ h∗, then DϕFh(ν, ϕ̃) is an isomorphism from X
onto X with the bound, respectively,

‖DϕF(ν, ψ)−1‖X ;X ⩽ 2‖DϕF(ν, ϕ̃)−1‖X ;X , (2.4)
‖DϕFh(ν, ϕ̃)−1‖X ;X ⩽ 2‖DϕF(ν, ϕ̃)−1‖X ;X .

Remark 2.3. When F is replaced by Fh for h small enough in Lemma 2.2, estimate (2.4) also holds. That is,
if DϕFh(ν, ϕ̃) for ϕ̃ ∈ X is an isomorphism from X onto X , then there exists ξ∗ = ξ∗(ϕ̃) > 0 such that, for
ψ ∈ B(ϕ̃, ξ) ∩ X with 0 < ξ ⩽ ξ∗, DϕFh(ν, ψ) is an isomorphism from X onto X with the bound

‖DϕFh(ν, ψ)−1‖X ;X ⩽ 2‖DϕFh(ν, ϕ̃)−1‖X ;X .
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We introduce themulti-level version of the two-grid algorithm. For j ⩾ 0, let hj ⩽ h̄ given in Theorem 2.1 bemesh
sizes, Xj := Xhj finite element spaces such that Xj ⊂ X, and Fj(ν, ϕ) := ϕ + SjG(ν, ϕ), where an operator Sj := Shj
is intended to approximate the linear operator S.

Step 1 (Nonlinear solver) Solve nonlinear system on initial coarse mesh.
Find ϕ0(ν) ∈ X0 such that F0(ν, ϕ0(ν)) = 0.

Step 2 (Linear solver) Update on each finer mesh level j with one Newton iteration.
For j = 1, 2, . . . , J, find ϕj(ν) ∈ Xj such that DϕFj(ν, ϕj−1(ν))(ϕj(ν) − ϕj−1(ν)) = −Fj(ν, ϕj−1(ν)).

Algorithm 1:Multi-level algorithm

Remark 2.4. The two-grid scheme in [27, 28] is based on passing information between finite element equations
defined on two grids of different mesh sizes. In the first step, a nonlinear problem itself is solved in a coarse
space, i.e., a finite-dimensional space with coarse grids. In the second step, the nonlinear problem is linearized
locally at the solution obtained in the coarse space. Then the linearized problem is solved in a fine space. For bet-
ter performance, this process can be iterated on a sequence of linearized problems with increasing dimensions.
In the second step of the multi-level algorithm in [14], the nonlinear problem is linearized locally at the solution
ϕ0 obtained in the fixed coarse space of Step 1. By contrast, in our multi-level algorithm, the nonlinear problem
is linearized locally at the solution obtained on the very previous mesh. The advantages of our algorithm are
discussed in detail in Remark 3.19.

Theorem 2.5 (A Priori Error Bound). Assume that (H1)–(H4) hold. Let ϕhj (ν) be nonsingular solutions of (2.2)
on Xj . And let ϕj(ν) be solutions obtained from Step 2 of Algorithm 1. Then there exist ξ > 0 with ξ ⩽ ̄ξ given in
Theorem 2.1 and h∗0 > 0 such that, for hj ⩽ h

∗
0 , ϕhj (ν) ∈ B(ϕ(ν), ξ/2) and ϕj(ν) belongs to the ball B(ϕhj (ν), ξ/2)

for j ⩾ 1. Moreover, for the positive constant K2 := 4 ̄μCSL(ϕ, ̄ξ) independent of mesh sizes hj and ν, we have the
following quadratic relation:

‖ϕhj (ν) − ϕj(ν)‖X ⩽ K2‖ϕhj (ν) − ϕj−1(ν)‖2X , (2.5)

and for K3 := max{K1 , 2K2
1K2 , 2K2}, we have an a priori estimate

‖ϕ(ν) − ϕj(ν)‖X ⩽ K3(‖(S − Sj)G(ν, ϕ(ν))‖X + ‖(S − Sj)G(ν, ϕ(ν))‖2X + ‖ϕ(ν) − ϕj−1(ν)‖
2
X).

Remark 2.6. It should be noted that the above algorithm can be applied even if Tj is not a uniform refinement
of Tj−1 and adaptivemesh refining can be exploited along with this algorithm. Themulti-level algorithm has the
quadratic convergence in the sense of equation (2.5) even on adaptive meshes. This is confirmed by numerical
examples in Section 6.

Now, we want to find an a posteriori error bound for solutions obtained from the multi-level algorithm. First,
we introduce the following theorem presented and proved in [7, Theorem 2.1]. Let F : X →X be a C1 mapping
and let υ ∈ X be such that DF(υ) ∈ L (X;X ) is an isomorphism. We introduce the notations

ϵ := ‖F(υ)‖X , γ := ‖DF(υ)−1‖X ;X , L(α) := sup
w∈B(υ,α)
‖DF(υ) − DF(w)‖X;X .

Theorem 2.7. We assume that 2γL(2γϵ) ⩽ 1. Then F(x) = 0 has a unique solution u in the ball B(υ, 2γϵ) and
DF(u) ∈ L (X;X ) is invertible with

‖DF(u)−1‖X ;X ⩽ 2γ.

Moreover, for all υ󸀠 ∈ B(υ, 2γϵ),
‖υ󸀠 − u‖X ⩽ 2γ‖F(υ󸀠)‖X .

Theorem 2.8 (A Posteriori Error Bound). Assume that (H1)–(H4) hold. Let ϕ(ν) be a nonsingular solution of (2.1)
and let ϕj(ν) be the approximate solution produced by Algorithm 1. Then there exists 0 < h∗1 ⩽ h

∗
0 given in Theo-

rem 2.5 such that, for all hj ⩽ h∗1 , we have ϕhj (ν) ∈ B(ϕ(ν), ξ/2) and ϕj(ν) ∈ B(ϕhj (ν), ξ/2) for ξ given in Theo-
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rem 2.5, and we have a residual type a posteriori error bound with K1 := 4μ(ν),

‖ϕ(ν) − ϕj(ν)‖X ⩽ 2‖DϕF(ν, ϕj(ν))−1‖X ;X‖F(ν, ϕj(ν))‖X ⩽ K1‖F(ν, ϕj(ν))‖X . (2.6)

Proof. The proof follows by applying Theorem 2.7. For this, we first notice that ϕj(ν) ∈ B(ϕ(ν), ξ) for hj with
hj ⩽ h∗0 given in Theorem 2.5 and ϕj(ν) → ϕ(ν) strongly in X as hj → 0 thanks to Theorem 2.5 and (H3). By
application of Lemma 2.2, DϕF(ν, ϕj(ν)) is an isomorphism from X onto X with

‖DϕF(ν, ϕj(ν))−1‖X ;X ⩽ 2‖DϕF(ν, ϕ(ν))−1‖X ;X =: γ. (2.7)

To apply Theorem 2.7, we set

ϵj := ‖F(ν, ϕj(ν))‖X , γj := ‖DϕF(ν, ϕj(ν))−1‖X ;X ,
Lj(α) := sup

w∈B(ϕj(ν),α)
‖DϕF(ν, ϕj(ν)) − DϕF(ν, w)‖X;X .

From the mean value theorem and (H1), we have, for C1 = ‖S‖Y;X L(ϕj(ν), α) with L( ⋅ , ⋅ ) defined in (2.3),

‖DϕF(ν, ϕj(ν)) − DϕF(ν, w)‖X;X ⩽ ‖S‖Y;X ‖DϕG(ν, ϕj(ν)) − DϕG(ν, w)‖X;Y ⩽ C1‖ϕj(ν) − w‖X ,

which yields that there exist 0 < h󸀠0 ⩽ h
∗
0 and 0 < α < ξ such that, for hj ⩽ h

󸀠
0,

Lj(α) ⩽
1
2γ and ‖ϕ(ν) − ϕj(ν)‖X < α. (2.8)

Applying Theorem 2.5, the mean value theorem and (H1) to the identity

F(ν, ϕj(ν)) = F(ν, ϕj(ν)) − F(ν, ϕ(ν)) = ϕj(ν) − ϕ(ν) + S(G(ν, ϕj(ν)) − G(ν, ϕ(ν))),

we can find h∗1 ⩽ h
󸀠
0 such that, for all hj ⩽ h

∗
1 ,

2γϵj ⩽ α. (2.9)

From (2.7)–(2.9), we have
2γjLj(2γjϵj) ⩽ 2γLj(2γϵj) ⩽ 2γLj(α) ⩽ 1.

Applying Theorem 2.7 with υ = ϕj(ν), hj ⩽ h∗1 , we conclude that there exists a unique ψ ∈ B(ϕj , 2γjϵj) such that

F(ψ) = 0 and ‖ψ − ϕj(ν)‖X ⩽ 2‖DϕF(ν, ϕj(ν))−1‖X ;X‖F(ν, ϕj(ν))‖X .

From the uniqueness of ψ in B(ϕj , α) ⊂ B(ϕj , ξ) and the fact that F(ν, ϕ(ν)) = 0 and ϕ ∈ B(ϕj , ξ), we have
ψ = ϕ(ν) and (2.6) is proved.

3 Application 1: Navier–Stokes Equations
In this section, we introduce the a priori error estimate and analyze an a posteriori error for multi-level algo-
rithms for the pseudostress-velocity formulation of the NSE. The a priori error was analyzed in [21]. The fol-
lowing details are only given for the reader’s convenience. First, we introduce some notation and function
spaces. Let div and ∇ denote the divergence and gradient operators, respectively. For υ = (υ1 , . . . , υd) ∈ ℝd and
τ = (τij)d×d ∈ ℝd×d , let τi = (τi1 , . . . , τid) denote its ith row for i = 1, . . . , d and define

div τ := (div τ1 , . . . , div τd), υ ⋅ τ := (υ ⋅ τ1 , . . . , υ ⋅ τd),

∇υ := (∇υ1 , . . . , ∇υd)t = (
∂υi
∂xj
)
d×d

, δ := d × d unit matrix.

Given data f and g, the stationary and incompressible NSE for the unknown velocity u and the pressure p
reads

−νΔu + u ⋅ ∇u + ∇p = f in Ω, (3.1)
div u = 0 in Ω, (3.2)

u = g on ∂Ω. (3.3)
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The compatibility conditions read

∫
∂Ω

g ⋅ n ds = 0 and ∫
Ω

p dx = 0,

where n is the outward unit normal vector to the boundary.
LetA : ℝd×d → ℝd×d be the deviatoric operator

Aτ := τ − 1d
(tr τ)δ.

The pseudostress tensor σ := ν∇u − pδ allows the pseudostress-velocity formulation of NSE (3.1)–(3.2),

A(
σ
ν ) − ∇u = 0 in Ω, (3.4)

div σ − u ⋅A(σν ) = −f in Ω. (3.5)

Equation (3.4) is obtained from
tr(∇u) = div u = 0 and tr σ = −dp.

The compatibility condition ∫Ω p dx = 0 implies

∫
Ω

tr σ dx = 0.

Scaling pseudostress σ and data f by σ/ν → σ and f /ν → f , (3.4)–(3.5) may be rewritten as

Aσ − ∇u = 0 in Ω, (3.6)

div σ − 1ν u ⋅Aσ = −f in Ω. (3.7)

Assume that Ω is a bounded, open, connected subset ofℝd (d = 2 or 3) with the boundary ∂Ω of convex poly-
gon/polyhedra. We use the standard notation and definitions for the Sobolev spacesW r,p(Ω) andW r,p(∂Ω) for
an integer r ⩾ 0 and p ∈ [1,∞]. The standard associated norms are denoted by ‖ ⋅ ‖r,p := ‖ ⋅ ‖r,p,Ω and ‖ ⋅ ‖r,p,∂Ω .
For r = 0,W r,p(Ω) coincides with Lp(Ω). Moreover, the spaceW r,2(Ω) will be written in the form Hr(Ω). Let

H(div; Ω)d = {τ ∈ L2(Ω)d×d : div τ ∈ L2(Ω)d},

W0,3(div; Ω)d = {τ ∈ W0,3(Ω)d×d : div τ ∈ W0,3(Ω)d},

L20(Ω) = {q ∈ L
2(Ω)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Ω

q dx = 0}.

We define spaces
Ĥ(div; Ω)d = {τ ∈ H(div; Ω)d

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Ω

tr τ dx = 0},

Ŵ0,3(div; Ω)d = {τ ∈ W0,3(div; Ω)d
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Ω

tr τ dx = 0},

Ĥr(Ω)d×d = {τ ∈ Hr(Ω)d×d
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Ω

tr τ dx = 0}.

Then the mixed variational problem of the pseudostress-velocity formulation (3.6)–(3.7) is to find

(σ , u) ∈ Ŵ0,3(div; Ω)d × L2(Ω)d

such that

(Aσ , τ) + (div τ, u) = g∗(τ) for all τ ∈ Ĥ(div; Ω)d , (3.8)

(div σ , υ) − 1ν (u ⋅Aσ , υ) = f∗(υ) for all υ ∈ L2(Ω)d , (3.9)
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where ( ⋅ , ⋅ ) denotes the L2(Ω)d×d or L2(Ω)d inner product, g∗(τ) = ∫∂Ω(n ⋅ τ) ⋅ g ds and f∗(υ) = −∫Ω f ⋅ υ dx.
Note that if we use the trial space Ŵ0,3(div; Ω)d × L2(Ω)d , then we can guarantee the nonlinear term, u ⋅Aσ, to
be in L2(Ω)d from the imbedding theorem (see [5, Remark 2.1]). The well-posedness and uniqueness of system
(3.8)–(3.9) is established by the following well-known theorem (see [5]).

Theorem 3.1. Let f be in L2(Ω)d . For g ∈ H3/2(∂Ω)d , system (3.8)–(3.9) has solutions (σ , u) which belong to
H1(Ω)d×d × H2(Ω)d . Moreover, if ν > ν0(Ω; f , g) (see [5] or [13] for the specific value of ν0), then the solution (σ , u)
is unique.

3.1 BRR Framework for NSE

We let
G(ν, ϕ) := (−g , − 1ν

u ⋅Aσ + f)

for ϕ := (σ , u) and Y := H3/2(∂Ω)d × L2(Ω)d . Let Λ ⊂ (0,∞) be a compact interval. We consider Z = Y . Then
condition (H4) implies condition (H3). Note the Fréchet derivative of G at (ν, ϕ) = (ν, (σ , u)) is

DϕG(ν, ϕ)(ψ) = (0, −
1
ν (u ⋅Aτ + υ ⋅Aσ))

for ψ = (τ, υ). To guarantee that DϕG(ν, ϕ)(ψ) ∈ Z for all ψ, we let X := L3(Ω)d×d × L6(Ω)d . In fact, note that, for
any ψ = (τ, υ) ∈ X,

‖u ⋅Aτ + υ ⋅Aσ‖0,2 ⩽ ‖u ⋅Aτ‖0,2 + ‖υ ⋅Aσ‖0,2
⩽ ‖u‖0,6‖τ‖0,3 + ‖υ‖0,6‖σ‖0,3
⩽ (‖σ‖20,3 + ‖u‖

2
0,6)

1/2(‖τ‖20,3 + ‖υ‖
2
0,6)

1/2 .

Here we used the triangle inequality and the Hölder inequality. So hypothesis (H2) holds. From the definition,
G belongs to the C2-class clearly. So hypothesis (H1) holds.

We let X := L2(Ω)d×d × L2(Ω)d and introduce the linear solution operator

S : Y →X ,
(g∗ , f ∗) → S(g∗ , f ∗) = (σ , u)

defined by the solution of

(Aσ , τ) + (div τ, u) = ∫
∂Ω

(n ⋅ τ) ⋅ g∗ ds for all τ ∈ Ĥ(div; Ω)d , (3.10)

(div σ , υ) = −∫
Ω

f ∗ ⋅ υ dx for all υ ∈ L2(Ω)d . (3.11)

The following result is well known (see [5, Lemma 5.1]).

Lemma 3.2. For any (g∗ , f ∗) ∈ Y, Stokes equations (3.10)– (3.11) have a unique solution (σ , u) = S(g∗ , f ∗)which
is in H1(Ω)d×d × H2(Ω)d 󳨅→X .

Clearly, the pair (ν, ϕ) ∈ Λ × X is a solution of

F(ν, ϕ) := ϕ + SG(ν, ϕ) = 0 (3.12)

if and only if the function ϕ = (σ , u) is a solution of (3.8)–(3.9).

Theorem 3.3. For any (g , f ) ∈ Y, there is a ν0(Ω; f , g) such that if ν > ν0(Ω; f , g), where ν0 is the fixed value
stated in Theorem 3.1, then nonlinear problem (3.12) has a branch of nonsingular solutions.

Proof. See [21].
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We now consider mixed finite element approximations. Let {Th} be a family of shape-regular triangulations of
Ω by triangles (d = 2) and tetrahedra (d = 3), respectively, of diameter hT , and let h := maxT∈Th hT denote the
mesh size. Associated with Th , we define a finite subspace of X by

Xh := R̂Tdk(Th) × P
d
k(Th),

where Pdk(Th) := ∏
d
i=1 Pk(Th) (i.e., a product space of polynomials of degree k) and

R̂Tdk(Th) := {τ ∈ RT
d
k(Th)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Ω

tr τ dx = 0}

for RTdk(Th) := ∏
d
i=1 RTk(Th) (i.e., a product space of Raviart–Thomas space of order k).

For short notation on generic constants C independent of the local or global mesh sizes, for any expressions
A and B,

A ≲ B abbreviates A ⩽ CB.

We introduce a projection operator over the spaceW , whereW := Ĥ1(Ω)d×d orW := Ĥ(div; Ω)d ∩ Ls(Ω)d×d

for some s > 2. Let Π̃h denote the Raviart–Thomas projection operator (see [3]) associated with the degrees of
freedom onto R̂Tdk(Th) + span{δ}. We define Πh : W → R̂Tdk(Th) by

Πhτ = Π̃hτ −
∫Ω(tr Π̃hτ)dx

d|Ω| δ for all τ ∈ W,

where |Ω| = ∫Ω dx. Then we have ∫Ω(tr Πhτ) dx = 0. We notice that the operator Π̃h approximates the normal
components on element edges such that, for E ∈ Eh , the set of all edges of Th , for υh ∈ Pdk(Th) and for τ ∈ W ,

⟨υh , nE ⋅ (τ − Π̃hτ)⟩E = 0. (3.13)

But, in general, the above relation does not hold for the operator Πh .
Let Ph be the L2-projection onto Pdk(Th) with the well-known approximation property

‖Phυ − υ‖0,p,T ≲ hrT |υ|r,p,T , 0 ⩽ r ⩽ k + 1, for all υ ∈ W r,p(T)d . (3.14)

Then the following lemma holds (see [6] for details).

Lemma 3.4. The commutative property divΠh = Ph div holds. Furthermore, we have

‖τ − Πhτ‖0,2 ≲ hr|τ|r,2 for 1 ⩽ r ⩽ k + 1, (3.15)
‖div τ − div(Πhτ)‖0,2 ≲ hr|div τ|r,2 for 0 ⩽ r ⩽ k + 1.

The mixed finite element method for approximation of the solution of system (3.8)–(3.9) is defined by finding
(σh , uh) ∈ Xh such that

(Aσh , τ) + (uh , div τ) = g∗(τ) for all τ ∈ R̂Tdk(Th), (3.16)

(div σh , υ) − ( 1ν u
h ⋅Aσh , υ) = f∗(υ) for all υ ∈ Pdk(Th). (3.17)

Next, we define a discrete solution operator Sh : Y → Xh by

Sh(g∗ , f ∗) = (σh , uh) ∈ Xh ,

where (σh , uh) ∈ Xh is the solution of the discrete counterpart of (3.10)–(3.11),

(Aσh , τ) + (uh , div τ) = ∫
∂Ω

(n ⋅ τ) ⋅ g∗ ds for all τ ∈ R̂Tdk(Th), (3.18)

(div σh , υ) = −∫
Ω

f ∗ ⋅ υ dx for all υ ∈ Pdk(Th). (3.19)

Now, the discrete nonlinear problem of (3.12) is to find ϕh = (σh , uh) in Xh such that

Fh(ν, ϕh) := ϕh + ShG(ν, ϕh) = 0. (3.20)

Note that ϕh = (σh , uh) is the solution of (3.20) if and only if ϕh ∈ Xh satisfies (3.16)–(3.17).



D. Kim et al., Adaptive Multi-level Algorithm  755

Theorem 3.5. For any (g∗ , f ∗) ∈ Y, let (σ , u) = S(g∗ , f ∗) and (σh , uh) = Sh(g∗ , f ∗) be the solution of (3.10)–(3.11)
and (3.18)–(3.19), respectively. Then

lim
h→0
‖S − Sh‖Z;X = 0.

Moreover, assume that (σ , u) ∈ Hr(Ω)d×d × Hr(Ω)d for 1 ⩽ r ⩽ k + 1; then we have

‖S(g∗ , f ∗) − Sh(g∗ , f ∗)‖X ≲ hr(‖σ‖r,2 + ‖u‖r,2) ≲ hr(‖f ∗‖r−2,2 + ‖g∗‖r− 12 ,2,∂Ω).

Proof. See [21].

Theorem 3.5 implies that hypotheses (H3) and (H4) hold. We get the following theorem.

Theorem 3.6. Let (g , f ) ∈ Y. Assume that ν > ν0(Ω; f , g), where ν0 is the fixed value stated in Theorem 3.3, and
that (ν, ϕ(ν)) = (ν, (σ(ν), u(ν))) is a branch of nonsingular solutions of (3.12). Then, for h sufficiently small, there
exist a neighborhood O of the origin in X and a unique C2-function ν → ϕh(ν) ∈ Xh such that {(ν, ϕh(ν)) : ν ∈ Λ}
is a branch of nonsingular solutions of (3.20) and that ϕ(ν) − ϕh(ν) ∈ O.

Moreover, assume that (σ(ν), u(ν)) ∈ Hr(Ω)d×d × Hr(Ω)d for r = 1, 2, . . . , k + 1. Then we have

‖ϕ(ν) − ϕh(ν)‖X := ‖σ(ν) − σh(ν)‖0,3 + ‖u(ν) − uh(ν)‖0,6 ≲ hr(‖σ(ν)‖r,2 + ‖u(ν)‖r,2),

where ϕh(ν) = (σh(ν), uh(ν)).

Proof. See [21].

3.2 Error Estimates for Multi-level Algorithm for NSE

Now, we apply the multi-level algorithm to NSE based on pseudostress-velocity formulation. Note that the
Fréchet derivative of F at (ν, ϕ) = (ν, (σ , u)) is

DϕF(ν, ϕ)(ψ) = (I + SDϕG(ν, ϕ))(ψ) = ψ + S(0, −
1
ν (u ⋅Aτ + υ ⋅Aσ))

for any ψ = (τ, υ) ∈ X.
We generate a shape-regular triangulation Tj+1 from Tj (j ⩾ 1) with newest vertex bisection or longest edge

bisection. For convenience, we omit ν from the functions ϕj(ν).

Step 1 (Nonlinear solver) Find ϕ0 = (σ0 , u0) ∈ X0, where X0 := R̂Tdk(T0) × P
d
k(T0), such that

(Aσ0 , τ) + (div τ, u0) = g∗(τ) for all τ ∈ R̂Tdk(T0), (3.21)

(div σ0 , υ) −
1
ν (u0 ⋅Aσ0 , υ) = f∗(υ) for all υ ∈ Pdk(T0), (3.22)

Step 2 (Linear solver) For 1 ⩽ j ⩽ J, find ϕj = (σ j , uj) ∈ Xj := R̂Tdk(Tj) × P
d
k(Tj) such that

(Aσ j , τ) + (div τ, uj) = g∗(τ) for all τ ∈ R̂Tdk(Tj), (3.23)

(div σ j , υ) −
1
ν (uj−1 ⋅Aσ j + uj ⋅Aσ j−1 , υ) = −

1
ν (uj−1 ⋅Aσ j−1 , υ) + f∗(υ) for all υ ∈ Pdk(Tj). (3.24)

Algorithm 2:Multi-level algorithm for NSE

If Tj with diameter hj is uniformly refined triangulations from the previous triangulations Tj−1 with diam-
eter hj−1, from the results of Theorem 2.5 and Theorem 3.6, the following theorem for Algorithm 1 can be easily
proved.
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Theorem 3.7 (A Priori Error Estimates). Let (g , f ) ∈ Y. Assume that ν > ν0(Ω; f , g), where ν0 is the fixed value
stated in Theorem 3.3, and that (ν, ϕ(ν)) = (ν, (σ(ν), u(ν))) is a branch of nonsingular solutions of (3.12). Let
ϕ0(ν) = (σ0(ν), u0(ν)) be the solution of (3.21)–(3.22) and ϕj(ν) = (σ j(ν), uj(ν)), 1 ⩽ j ⩽ J, solutions of (3.23)–
(3.24). If (σ(ν), u(ν) ∈ Hr(Ω)d×d × Hr(Ω)d for r = 1, 2, . . . , k + 1, then we have

‖ϕ(ν) − ϕj(ν)‖X = ‖σ(ν) − σ j(ν)‖0,3 + ‖u(ν) − uj(ν)‖0,6 ≲ (h2rj−1 + h
r
j )(‖σ(ν)‖r,2 + ‖u(ν)‖r,2).

Proof. See [21].

Theorem 2.8 indeed provides the reliability bound. For brevity, ν is dropped from the functions ϕj(ν) and ϕ̄j(ν).
First, observe that

‖F(ν, ϕj)‖X = ‖ϕj + SG(ν, ϕj)‖X = ‖ϕj − ϕ̄j‖L2(Ω)d×d×L2(Ω)d , (3.25)

where ϕ̄j := ( ̄σ , ū) ∈ H1(Ω)d×d × H2(Ω)d is the unique solution for the pseudostress-velocity formulation of the
Stokes problem

(A ̄σ , τ) + (ū, div τ) = g∗(τ) for all τ ∈ Ĥ(div; Ω)d , (3.26)

(div ̄σ , υ) = 1
ν
(uj ⋅Aσ j , υ) + f∗(υ) for all υ ∈ L2(Ω)d . (3.27)

The following error equations immediately follow from (3.23)–(3.24) and (3.26)–(3.27):

(A ̄σ −Aσ j , τ) + (ū − uj , div τ) = 0 for all τ ∈ R̂Tdk(Tj),

(div ̄σ − div σ j , υ) =
1
ν ((uj − uj−1) ⋅ (Aσ j −Aσ j−1), υ) for all υ ∈ Pdk(Tj). (3.28)

Remark 3.8. Equation (3.25) says that an a posteriori error estimate for the NSE is controlled by that for the
Stokes equations with the additional term appearing in the right-hand side of (3.28). Thus, we can apply existing
a posteriori error estimates for the pseudostress-velocity formulation of the Stokes equations to theNSE. Indeed,
we apply the residual-based a posteriori error estimates for the two-dimensional Stokes equations analyzed by
Carstensen, Kim and Park in [10].

Let us describe thewell-known results used throughout this paper. Assume that Ω is a bounded Lipschitz domain
with a polygonal boundary. Then there exists a constant C = C(Ω) such that Poincare’s inequalities read

‖υ − υΩ‖0,2 ⩽ C‖∇υ‖0,2 for all υ ∈ H1(Ω)d , (3.29)
‖υ‖0,2 ⩽ C‖∇υ‖0,2 for all υ ∈ H1

0(Ω)
d ,

where υΩ is an average of υ over Ω, i.e., υΩ = 1
|Ω| ∫Ω υ(y) dy.

The general interpolation operator cannot be applied to H1 functions. But Clément’s interpolation which
defines a continuous interpolating polynomials using averages of υ instead of point values can be applied to H1

functions. The nodal values of Clément’s interpolating polynomials depend on the value of υ on the adjacent
elements through an averaging process.Wenow consider the error estimate of Clément’s interpolation operator.
We define S0(Tj)d ⊂ L2(Ω)d as the piecewise constant and S1(Tj)d ⊂ H1(Ω)d or S10(Tj)d ⊂ H

1
0(Ω)d as continuous

and piecewise affine vector functions. For each Tj , let Ej denote the set of all edges (faces) of Tj . In what follows,
hT and hE stand for the diameters of the triangle T ∈ Tj and the edge E ∈ Ej , respectively. For any T ∈ Tj and
E ∈ Ej , we set

ωT := ⋃{T󸀠 ∈ Tj : T ∩ T
󸀠
̸= ϕ} and ωE := ⋃{T ∈ Tj : E ⊂ T}

Note that, since the triangulation Tj is shape-regular, themaximal number of elements in ωT is h-independently
bounded by CM . Clément’s interpolation operator (see [11]) Ij : H1(Ω)d → S1(Tj)d satisfies the following esti-
mates:

‖υ − Ijυ‖m,2,T ≲ h1−mT ‖υ‖1,2,ωT for all υ ∈ H1(Ω)d , m = 0, 1 and all T ∈ Tj , (3.30)

‖υ − Ijυ‖0,2,E ≲ h1/2E ‖υ‖1,2,ωE for all υ ∈ H1(Ω)d , all E ∈ ∂T and all T ∈ Tj . (3.31)

Finally, we state the usual inverse inequalities introduced in [25] which we will use in order to derive local
lower bounds for the error. We need some modified results whose proof easily follows from the idea of the
paper [25], and we omit the proof.



D. Kim et al., Adaptive Multi-level Algorithm  757

Theorem 3.9. There exist constants C1 , . . . , C5, which only depend on the shape of the elements, such that the
following inequalities hold for all polynomials υ,w ∈ Pk(T)d

∗ and d ∈ Pk(E)d∗ , d∗ = d or d × d, and for two real
numbers p, q with 1 ⩽ p ⩽ ∞ and 1

p +
1
q = 1:

C1‖υ‖0,p,T ⩽ sup
w∈Pk(T)d∗

∫T υbTwdx
‖w‖0,q,T

⩽ ‖υ‖0,p,T , (3.32)

C2‖d‖0,2,E ⩽ ‖b1/2E d‖0,2,E ⩽ ‖d‖0,2,E , (3.33)

‖bEPextd‖0,q,ωE ⩽ C3h
1/q
T ‖d‖0,q,E , (3.34)

‖∇(bTυ)‖0,q,T ⩽ C4h−1T ‖bTυ‖0,q,T , (3.35)

‖∇(bEPextd)‖0,q,ωE ⩽ C5h−1T ‖bEPextd‖0,q,T . (3.36)

Here, for the barycenters xT of T and xE of E, two functions bT , bE ∈ C∞(T,ℝ) satisfy bT ∈ P3(T), bT (xT ) = 1
and bT = 0 on ∂T, and bE ∈ P2(T), bE(xE) = 1 and bE = 0 on ∂T\E, respectively, and Pext is an extension operator
Pext : C(E,ℝd

∗
) → C(ωE ,ℝd

∗
) with Pextw|E = w.

Let Rj(f ) := f + div σ j − 1
νuj ⋅Aσ j , ̄ej = ū − uj and ̄εj = ̄σ − σ j , and Σ := Ĥ(div; Ω)d and V := L2(Ω)d . For sim-

plicity, we let Pj := Phj be the L2-projection onto Pdk(Thj ).

Lemma 3.10. For the error ̄ej (1 ⩽ j ⩽ J), we have

‖ ̄ej‖20,2 ≲ ∑
T∈Tj

h2T‖Rj(f )‖
2
0,2,T + ∑

T∈Tj

h2T‖Aσ j − ∇uj‖
2
0,2,T + ∑

E∈Ej∩∂Ω
hE‖g − g j‖20,2,E

+ ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖20,2,Ω ,

where g j is an approximation of g so that ⟨g j , n ⋅ (η − Π̃jη)⟩ = 0.

Proof. Since ̄e ∈ L2(Ω)d , we have unique η ∈ H1(Ω)d×d and z ∈ H1
0(Ω)d ∩ H2(Ω)d such that

(Aη, τ) + (div τ, z) = 0 for all τ ∈ Σ, (3.37)
(div η, υ) = ( ̄e, υ) for all υ ∈ V ,

and
‖z‖2,2 ≲ ‖ ̄e‖0,2 , ‖η‖1,2 ≲ ‖ ̄e‖0,2 . (3.38)

Then, by integration by parts, (3.26) and the relation divΠj = Pj div, we get

‖ ̄e‖20,2 = (ū − uj , div η) = (−A ̄σ , η) + ⟨g , n ⋅ η⟩ − (uj , div(Πjη)).

Equations (3.23), (3.37), (3.27) and (3.24) imply

‖ ̄e‖20,2 = −(A ̄σ −Aσ j , η) − (Aσ j , η) + (Aσ j , Πjη) + ⟨g , n ⋅ (η − Πjη)⟩

= (div( ̄σ − σ j), z) + (Aσ j , Πjη − η) + ⟨g , n ⋅ (η − Πjη)⟩

= −(Rj(f ), z − Pjz) −
1
ν ((uj − uj−1) ⋅A(σ j − σ j−1), Pjz) + (Aσ j , Πjη − η) + ⟨g − g j , n ⋅ (η − Π̃jη)⟩. (3.39)

The last term of (3.39) is derived by applying the compatibility condition ∫∂Ω g ⋅ n ds = 0 and relation (3.13)
to the term ⟨g , n ⋅ (η − Πjη)⟩. To estimate the trilinear term ((uj − uj−1) ⋅A(σ j − σ j−1), Pjz), using the Hölder
inequality and equation (3.14), then we have

|((uj − uj−1) ⋅A(σ j − σ j−1), Pjz)| ≲ ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,2,Ω‖Pjz‖0,2,Ω
≲ ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,2,Ω‖z‖1,2,Ω .

Applying estimates (3.14), (3.15) and (3.38) to the above equation (3.39), we conclude the proof.
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To derive the estimate of the error bound for ̄ε = ̄σ − σ j , we formulate the Helmholtz decomposition suitable
for our problems. For this, we first define the curl operator for various kinds of functions. When d = 2, we
define the curl operator for a scalar function q, a vector function υ = (υ1 , υ2) and a tensor function ψ = (ψij)2×2,
ψi = (ψi1 , ψi2) denote its ith row for i = 1, 2, by

curl q := ( ∂q∂x2
, − ∂q
∂x1
), curl υ := −∂υ1∂x2

+
∂υ2
∂x1

, Curl υ := (curl υ1
curl υ2
) , Curl ψ := (curl ψ1 , curl ψ2).

When d = 3, we define the curl operator for a vector function υ = (υ1 , υ2 , υ3) and a tensor function ψ = (ψij)3×3,
ψi = (ψi1 , ψi2 , ψi3) by

curl υ := (−
∂υ2
∂x3
+
∂υ3
∂x2

, −∂υ3
∂x1
+
∂υ1
∂x3

, −∂υ1
∂x2
+
∂υ2
∂x1
), Curl ψ := (

curl ψ1
curl ψ2
curl ψ3
) .

We notice that, for ψ ∈ H1(ω)d×d and r ∈ H1(ω)d∗ , d∗ = 2 for d = 2 and d∗ = 3 × 3 for d = 3, with the Lipschitz
boundary ∂ω,

(Curl ψ, r)ω − (ψ, Curlr)ω = ⟨γtψ, r⟩∂ω , (3.40)

where γtψ is denoted by t ⋅ ψ|∂ω or (γtψ)i = n × ψi|∂ω according to whether d = 2 or d = 3. Here, when d = 2,
t = (t1 , t2) is tangential on ∂ω and the direction of t follows that t1 = −n2, t2 = n1 with the unit outer normal
vector n = (n1 , n2) to ∂ω and when d = 3, (γtψ)i is the ith row of the tensor γtψ.

Lemma 3.11. For the error ̄ε, let s := 1
|Ω| ∫Ω tr ̄ε dx. Then there exist z ∈ H

1
0(Ω)d ∩ H2(Ω)d with div z = tr ̄ε − s,

̃p ∈ L20(Ω) and r ∈ H1(Ω)d∗/ℝd∗ , d∗ = 2 for d = 2 and d∗ = 3 × 3 for d = 3 such that
̄ε = ∇z − ̃pδ + Curl r, (3.41)

with the estimate
‖∇z‖0,2 + |r|1,2 + ‖ ̃p‖0,2 ⩽ C‖ ̄ε‖0,2 , (3.42)

where C is a positive constant independent of ε.

Proof. We consider the following Stokes problem: find z ∈ H1
0(Ω)d ∩ H2(Ω)d and ̃p ∈ L20(Ω) such that

(∇z, ∇w) − ( ̃p, divw) = ( ̄ε, ∇w) for all w ∈ H1
0(Ω)

d ,
(q, div z) = (q, tr ̄ε − s) for all q ∈ L20(Ω)

d .

The solutions z and ̃p satisfy
−Δz + ∇ ̃p = − div ̄ε and div z = tr ̄ε − s.

Hence ̄ε − ∇z + ̃pδ is a divergence-free tensor. Moreover, ̄ε − ∇z + ̃pδ satisfies

⟨( ̄ε − ∇z + ̃pδ)i ⋅ n, 1⟩∂Ω = 0, i = 1, . . . , d,

where ( ̄ε − ∇z + ̃pδ)i is the ith row of the tensor ̄ε − ∇z + ̃pδ. These conditions imply that there exist stream
functions ri ∈ H1(Ω) for d = 2 or ri ∈ H1(Ω)3 satisfying div ri = 0 and curl ri ∈ H(div; Ω) for d = 3 such that
( ̄ε − ∇z + ̃pδ)i = curl ri (see [13, Theorems 3.1 and 3.4]). Thus, we conclude that, for the two-dimensional vec-
tor r = (r1 , r2) or for the 3 × 3-tensor r = (rt1 , r

t
2 , r

t
3)
t , we have ̄ε = ∇z − ̃pδ + Curl r. The regularity theorem

of the Stokes problem (cf. [13, Theorem 5.4]) yields ‖∇z‖0,2 + ‖ ̃p‖0,2 ⩽ C‖ ̄ε‖0,2, where the positive constant
C is independent of ̄ε (see [13]). From this inequality and the fact that |r|1,2 = ‖Curl r‖0,2 for d = 2 and
|r|1,2 ⩽ C(‖div r‖0,2 + ‖Curl r‖0,2) = C‖Curl r‖0,2 for d = 3, we easily get |r|1,2 ⩽ C‖ ̄ε‖0,2.

We define the jump [ ⋅ ] for E ∈ Ej and for υ ∈ H1(⋃Tj)d by

[υ]|E := (υ|T+ )|E − (υ|T− )|E if E ⊂ T̄+ ∩ T̄− (E ∈ Ej , T+ , T− ∈ Tj)

and nE points from T+ into its neighbor element T−.
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Lemma 3.12. For the error ̄εj (1 ⩽ j ⩽ J), we have
‖ ̄ε‖20,2 ≲ ∑

T∈Tj

‖hTRj(f )‖20,2,T + ∑
T∈Tj

‖hT Curl(Aσ j)‖20,2,T + ∑
E∈Ej\∂Ω
‖h1/2E [γtAσ j]‖

2
0,2,E

+ ∑
E∈Ej∩∂Ω
‖h1/2E γt(Aσ j − ∇g)‖20,2,E + ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖

2
0,2,Ω .

Proof. In the Helmholtz decomposition (3.41) of ̄ε,

̄ε = ∇z − ̃pδ + Curl r,

we choose r satisfying ∫Ω rdx = 0 in order to apply Poincare’s inequality (3.29) later.
From the above decomposition and the identity div z = tr ̄ε − s, we get

tr ̄ε = div z − tr( ̃pδ − Curl r) = tr ̄ε − s − tr( ̃pδ − Curl r).

Thus tr( ̃pδ − Curl r) = −s. Since ∫Ω tr ̄σ dx = 0 and ∫Ω tr σ j dx = 0, we have

(tr ̄ε, tr( ̃pδ − Curl r)) = −s(tr ̄σ − tr σ j , 1) = 0. (3.43)

From (3.43), we have the error decomposition

( ̄ε, ̄ε) = ( ̄ε, ∇z − ̃pδ + Curl r)

= ( ̄ε, ∇z) − (tr ̄ε, ̃p) + (A ̄ε, Curl r) + 1d ((tr
̄ε)δ, Curl r)

= ( ̄ε, ∇z) + (A ̄ε, Curl r) − 1d (tr
̄ε, tr ̃pδ) + 1d (tr

̄ε, trCurl r)

= ( ̄ε, ∇z) + (A ̄ε, Curl r) = (I) + (II). (3.44)

Integration by parts, (3.24) and (3.27) imply

(I) = ( ̄ε, ∇z) = (Rj(f ), z − Pjz) +
1
ν ((uj − uj−1) ⋅A(σ j − σ j−1), Pjz).

Using inequality (3.14), Cauchy–Schwarz inequality and Sobolev imbedding theorem, we have

(I) ≲ ‖hjRj(f )‖0,2,Ω‖∇z‖0,2,Ω + ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,2,Ω‖z‖2,2,Ω . (3.45)

We now consider the second term (II) of (3.44). For the Clement’s operator Ij , we have div Curl(Ijr) = 0
in the weak sense and Curl(Ijr) ∈ H(div; Ω)d×d . For an arbitrary r ∈ H1(Ω)d∗ , Curl(Ijr) is not necessarily in
R̂Tdk(Tj) since it may not satisfy the constraint ∫Ω(trCurl(Ijr)) dx = 0. But Curl(Ijr) − ̃sδ belongs to the space
R̂Tdk(Tj), where

̃s =
∫Ω(trCurl(Ijr))dx

d|Ω| .

We find, from (3.23) and (3.26),

(A ̄ε, Curl(Ijr) − ̃sδ) = −( ̄e, div(Curl(Ijr) − ̃sδ)) = 0.

Moreover, from the fact that (A ̄ε, ̃sδ) = (trA ̄ε, ̃s) = 0, we get (A ̄ε, Curl(Ijr)) = 0. By the identity A ̄σ = ∇ū and
integration by parts (3.40), the second term (II) of (3.44) becomes

(II) = (A ̄ε, Curl(r − Ijr)) = (−Aσ j , Curl(r − Ijr)) − ⟨γt∇ū, r − Ijr⟩

Considering integration by parts (3.40) and estimate (3.30)–(3.31), recalling that the number of elements in ωT
is bounded by the constant CM and using Poincare’s inequality (3.29), we obtain

(II) = − ∑
T∈Tj

(Curl(Aσ j), r − Ijr)T + ∑
T∈Tj

⟨γtAσ j , r − Ijr⟩∂T − ⟨γt∇g , r − Ijr⟩

≲ (( ∑
T∈Tj

‖hT Curl(Aσ j)‖20,2,T)
1/2
+ ( ∑

E∈Ej\∂Ω
‖h1/2E [γtAσ j]‖

2
0,2,E)

1/2

+ ( ∑
E∈Ej∩∂Ω
‖h1/2E γt(Aσ j − ∇g)‖20,2,E)

1/2
)|r|1,2 . (3.46)

Putting (3.45) and (3.46) into (3.44) and using estimate (3.42), we conclude the proof.
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Combining Corollary 2.8 and Lemmas 3.11–3.12, we obtain the following reliability estimate.

Theorem 3.13 (Reliable A Posteriori Error Estimates). For the solution ϕ = (σ , u) of problem (3.8)–(3.9) and the
approximate solution ϕj = (σ j , uj) of problem (3.23)–(3.24), we have, for 1 ⩽ j ⩽ J,

‖ϕ − ϕj‖2X ≲ η
2
j + ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖

2
0,2,Ω ,

where the error estimator ηj is defined by η2j := ∑T∈Tj
ηj(T)2 with the local error estimator ηj(T) given by

ηj(T)2 := h2T‖Rj(f )‖
2
0,2,T + h

2
T‖Aσ j − ∇uj‖

2
0,2,T + h

2
T‖Curl(Aσ j)‖

2
0,2,T

+ ∑
E∈∂T\∂Ω

hE
2
‖[γtAσ j]‖20,2,E + ∑

E∈∂T∩∂Ω
hE(‖g − g j‖20,2,E + ‖γt(Aσ j − ∇g)‖

2
0,2,E).

Remark 3.14. We note that physical quantities such as pressure, gradient velocity and stress can be expressed
as follows:

p = − ν
d
tr σ , ∇u = Aσ , σ̃ = ν(σ + (∇u)t) = ν(σ + (Aσ)t) = ν(Aσ + σt).

From these identities, the approximation of pressure, gradient velocity and stress can be defined by

pj := −
ν
d tr σ j , (∇u)j := Aσ j , σ̃ j := ν(Aσ j + (σ j)t).

Then the following relations hold:

‖p − pj‖0,3 =
ν
d ‖tr σ − tr σ j‖0,3 ⩽

ν
d ‖σ − σ j‖0,3 ,

‖∇u − (∇u)j‖0,3 = ‖Aσ −Aσ j‖0,3 ⩽ ‖σ − σ j‖0,3 ,

‖σ̃ − σ̃ j‖0,3 ⩽ ν‖Aσ −Aσ j‖0,3 + ν‖σt − (σ j)t‖0,3 ⩽ 2ν‖σ − σ j‖0,3 .

Now, we derive an efficient a posteriori error estimate. Let f j ∈ Pk(T)d be a polynomial approximation of f .

Lemma 3.15. For each T ∈ Tj (1 ⩽ j ⩽ J), we have

hT‖Rj(f )‖0,2,T ≲ hT‖u − uj‖0,6,T + ‖σ − σ j‖0,3,T + hT‖f − f j‖0,2,T .

Proof. Using inverse inequality (3.32), the identity div σ = 1
νu ⋅Aσ − f and integration by parts, we have

C1‖f j + div σ j −
1
ν uj ⋅Aσ j‖

2
0,2,T ⩽ (f j + div σ j −

1
ν uj ⋅Aσ j , bTRj(f j))T

= (f j − f + div σ j − div σ −
1
ν uj ⋅Aσ j +

1
ν u ⋅Aσ , bTRj(f j))T

= (f j − f −
1
ν uj ⋅Aσ j +

1
ν u ⋅Aσ , bTRj(f j))T

+ (σ j − σ , ∇bTRj(f j))T .

By the Hölder inequality, inverse inequality (3.32) and (3.35), and the mean value theorem, we get

C1‖f j + div σ j −
1
ν uj ⋅Aσ j‖

2
0,2,T

⩽ (‖
1
ν u ⋅Aσ −

1
ν uj ⋅Aσ j‖0,2,T + +‖f − f j‖0,2,T)‖Rj(f )‖0,2,T + h

−1
T C4‖σ − σ j‖0,3,T‖bTRj(f )‖0,3/2,T

≲ (‖u − uj‖0,6,T + ‖σ − σ j‖0,3,T )‖Rj(f )‖0,2,T + (h−1T C4‖σ − σ j‖0,3,T + ‖f − f j‖0,2,T )‖Rj(f )‖0,2,T (3.47)

With an application of the triangle inequality to the identity

Rj(f ) = f + div σ j −
1
ν uj ⋅Aσ j = (f − f j) + Rj(f j),

we complete the proof by (3.47).

Since (Aσ j)|T ∈ Pk+1(T)d×d , we can apply inverse inequalities (3.32)–(3.36) to the polynomial function (Aσ j)|T .
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Lemma 3.16. For each T ∈ Tj (1 ⩽ j ⩽ J), we have

hT‖Aσ j − ∇uj‖0,2,T ⩽ C−21 C4(hT‖σ − σ j‖0,3,T + ‖u − uj‖0,6,T ).

Proof. By inequality (3.32) and integration by parts, we have

C21‖Aσ j − ∇uj‖
2
0,2,T ⩽ (Aσ j − ∇uj , bT (Aσ j − ∇uj))T
= −(Aσ −Aσ j , bT (Aσ j − ∇uj))T + (∇u − ∇uj , bT (Aσ j − ∇uj))T
= −(Aσ −Aσ j , bT (Aσ j − ∇uj))T + (u − uj , div(bT (Aσ j − ∇uj)))T
⩽ ‖Aσ −Aσ j‖0,3,T‖Aσ j − ∇uj‖0,3/2,T + ‖u − uj‖0,6,T |bT (Aσ j − ∇uj)|1,6/5,T . (3.48)

Applying inverse inequality (3.35),

|bT (Aσ j − ∇uj)|1,6/5,T ⩽ C4h−1T ‖Aσ j − ∇uj‖0,6/5,T . (3.49)

Putting (3.49) into (3.48) and using the relation ‖Aσ −Aσ j‖0,3,T ⩽ ‖σ − σ j‖0,3,T , we get

hT‖Aσ j − ∇uj‖0,2,T ⩽ C−21 C4(hT‖σ − σ j‖0,3,T + ‖u − uj‖0,6,T ).

Lemma 3.17. For each T ∈ Tj (1 ⩽ j ⩽ J), we have

hT‖Curl(Aσ j)‖0,2,T ⩽ C−21 C4‖σ − σ j‖0,3,T .

Proof. Inequality (3.32), the identity Curl(Aσ) = Curl(∇u) = 0 and integration by parts imply

C21‖Curl(Aσ j)‖
2
0,2,T ⩽ ‖b

1/2
T Curl(Aσ j)‖20,2,T

= −(Curl(Aσ −Aσ j), bT Curl(Aσ j))T
= −(Aσ −Aσ j , Curl(bT Curl(Aσ j)))T
⩽ ‖σ − σ j‖0,3,T |bT Curl(Aσ j)|1,3/2,T . (3.50)

We obtain, from inverse inequality (3.35),

|bT Curl(Aσ j)|1,3/2,T ⩽ C4h−1T ‖Curl(Aσ j)‖0,3/2,T ⩽ C4h
−1
T ‖Curl(Aσ j)‖0,2,T . (3.51)

Hence, combining (3.50) and (3.51), we conclude the proof.

Lemma 3.18. For each E ∈ Ej (1 ⩽ j ⩽ J),

h1/2E ‖[γtAσ j]‖0,2,E ⩽ C‖σ − σ j‖0,3,wE ,

where C = C−22 C3max{C5 , C−21 C4}.

Proof. Set d := [γtAσ j], which is a polynomial along E. Note that [γtAσ j] = −[γtA(σ − σ j)] on each edge E in the
weak sense and Pextd|E = d. Using inequality (3.33), integration by parts (3.40) and the identity Curl(Aσ) = 0,
we have, for any edge E ⊈ Γ and for Ti ∈ ωE , i = 1, 2,

C22‖d‖
2
0,2,E ⩽ ‖b

1/2
E d‖20,2,E = −⟨bEPextd, [γtA(σ − σ j)]⟩E

= (A(σ − σ j), Curl(bEPextd))ωE − ∑
i=1,2
(bEPextd, Curl(Aσ j))Ti

⩽ ‖σ − σ j‖0,3,ωE |bEPextd|1,3/2,ωE + ‖bEPextd‖0,2,ωE( ∑
i=1,2
‖Curl(Aσ j)‖0,2,Ti). (3.52)

From Lemma 3.17, we have

∑
i=1,2
‖Curl(Aσ j)‖0,2,Ti ⩽ C−21 C4 ∑

i=1,2
h−1Ti ‖σ − σ j‖0,3,Ti . (3.53)

Application of (3.34), (3.36) and (3.53) to (3.52) yield

h1/2E ‖d‖0,2,E ⩽ C‖σ − σ j‖0,3,ωE ,

where C = C−22 C3max{C5 , C−21 C4}.
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Remark 3.19. By the Hölder inequality and the triangle inequality, we have

‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,2,Ω ⩽ ‖uj − uj−1‖0,6,Ω‖σ j − σ j−1‖0,3,Ω
⩽ (‖uj − u‖0,6,Ω + ‖u − uj−1‖0,6,Ω)(‖σ j − σ‖0,3,Ω + ‖σ − σ j−1‖0,3,Ω).

Assume that h2j−1 ⩽ hj for j > 0. Then, by the result of Theorem 3.7,

‖uj − u‖0,6,Ω + ‖u − uj−1‖0,6,Ω ≲ (h2rj−1 + h
r
j ) + (h

2r
j−2 + h

r
j−1) ≲ h

r
j + h

r
j−1 ≲ h

r
j−1 .

Similarly,
‖σ j − σ‖0,3,Ω + ‖σ − σ j−1‖0,3,Ω ≲ hrj−1 .

Hence
‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,2,Ω = O(h2rj−1),

which shows the asymptotic behavior of the additional term. Note that the additional term

‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,2,Ω = O(h2rj−1)

is of higher order compared to the other error estimates and the error ‖uj − u‖0,6,Ω + ‖σ j − σ‖0,3,Ω = O(hrj ) if we
take hj = O(h2−ϵj−1 ) for some positive ϵ. In practice, adaptively refining mesh via newest vertex bisection or red
refinement satisfies the relation h2j−1 ≪

1
4hj−1 ⩽ hj , which implies that the additional term can be negligible in

the adaptive algorithm in contrast to the result in [14], where this additional term is not negligible as refinements
proceed. The reason is that, in the second step of his two-grid algorithm, the nonlinear problem is linearized
locally at the solution obtained in the fixed coarse space. When the linearized problem in the second step is
solved in a finemesh, as the mesh refinement proceeds, the additional term becomes relatively large. This issue
can be resolved by using our multi-level algorithm, where the nonlinear problem is linearized locally at the
solution obtained on the very previous mesh.

Combining Lemmas 3.15–3.18, we arrive at the following efficiency estimates.

Theorem 3.20 (Efficient A Posteriori Error Estimate). For the solution ϕ = (σ , u) of problem (3.8)–(3.9) and the
approximate solution ϕj = (σ j , uj) to problem (3.23)–(3.24), we have

ηj ≲ ‖ϕ − ϕj‖X + osck(f , Tj),

where
osck(f , Tj)2 := ∑

T∈Tj

min
f j |T∈Pk(T)d

h2T‖f − f j‖
2
0,T .

Note that the derived a posteriori error estimator is efficient and reliable, i.e., the efficiency index

EI := ηj/‖ϕ − ϕj‖X

and its reciprocal are bounded for all triangulations.

4 Application 2: Semilinear Elliptic Equations
We consider the semilinear boundary value problems of the form

−Δu + G(λ, u) = 0 in Ω,
u = 0 on ∂Ω,

(4.1)

where G : D(G) ⊂ ℝ × H1
0(Ω) → L2(Ω) is a given mapping. This problem has been treated in [7] for d = 2. Mul-

tiplying by test functions and integrating by parts, we obtain the following weak formulation of problem (4.1):
find u ∈ H1

0(Ω) such that
∫
Ω

∇u∇υ dx + ∫
Ω

G(λ, u)υ dx = 0 for all υ ∈ H1
0(Ω). (4.2)
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4.1 BRR Framework for SEE

We define the continuous linear operator S : f ∈ L2(Ω) → Sf = w ∈ H1
0(Ω) ∩ H2(Ω)which maps f onto the solu-

tion w of the following problem: given a function f ∈ L2(Ω), find the unique solution w ∈ H1
0(Ω) ∩ H2(Ω) such

that
∫
Ω

∇w∇υ dx = ∫
Ω

fυ dx for all υ ∈ H1
0(Ω).

Introducing the operator S, problem (4.2) can be written in the equivalent way

F(λ, u) = u + SG(λ, u) = 0. (4.3)

In order to approximate the solution of problem (4.3), given a finite-dimensional space Xh ⊂ H1
0(Ω), we define

the linear operator Sh : f ∈ L2(Ω) → Sh f = wh ∈ Xh such that

∫
Ω

∇wh∇υh dx = ∫
Ω

fυh dx for all υh ∈ Xh .

Then the approximation of nonlinear problem (4.3) is to find (λ, uh) ∈ (ℝ × Xh) ∩D(G) such that

Fh(λ, uh) = uh + ShG(λ, uh) = 0. (4.4)

We analyze problem (4.1) with G(λ, u) := G(u) = uα − f for α = 2 or 3 and a given function f ∈ L2(Ω), which
was analyzed in [20] for α = 3. The following details are only given for the reader’s convenience. In order
to apply Theorem 2.1, we take X =X := H1

0(Ω) and Y := Z := L2(Ω). Since the mapping G is C∞ and D2G is
bounded on all bounded subsets of X := H1

0(Ω), hypothesis (H1) holds. And since H1(Ω) is continuously imbed-
ded in Lp(Ω) with 1 ⩽ p ⩽ 6 for d ⩽ 3 by Sobolev imbedding theorem, the function uα belongs to L2(Ω), i.e.,
G(u) ∈ Y and DG(u) ∈ L (X; Z) for all u ∈ X. Hence, hypothesis (H2) holds. Let Xh ⊂ H1

0(Ω) be a conforming
finite element space of piecewise polynomials of degree k ⩾ 1 defined on the triangulation Th . It is well known
that, for f ∗ ∈ Hr(Ω) with 2 ⩽ r ⩽ k + 1,

‖(S − Sh)f ∗‖s,2 ⩽ Chr−s‖Sf ∗‖r,2 ⩽ Chr−s‖f ∗‖r−2,2 , s = 0, 1, (4.5)

where ‖ ⋅ ‖r,2 := ‖ ⋅ ‖Hr(Ω) and ‖ ⋅ ‖0,2 := ‖ ⋅ ‖L2(Ω), which yields that hypotheses (H3)–(H4) hold. From [7, Theo-
rem 3.1], we have a unique nonsingular solution u ∈ H1

0(Ω) ∩ H2(Ω) of problem (4.1). FromTheorem 2.1 and (4.5),
there exists a unique nonsingular solution uh of (4.4) such that ‖u − uh‖1,2 ⩽ C‖(S − Sh)G(u)‖1,2 ⩽ Ch‖u‖2,2. We
notice that the error bound ‖u − uh‖0,2 ⩽ Ch2‖u‖2,2 was also derived in [20].

4.2 Error Estimates for Multi-level Algorithm for SEE

We generate a shape-regular triangulation Tj+1 from Tj (j ⩾ 1) with newest vertex bisection or longest edge
bisection. For simplicity, we let Xj := Xhj . Then, for problem (4.1) with G(λ, u) = uα − f , themulti-level algorithm
reads as follows.

Step 1 (Nonlinear solver) Find u0 ∈ X0 such that

∫
Ω

∇u0∇υ dx + ∫
Ω

uα0υ dx = ∫
Ω

fυ dx for all υ ∈ X0 . (4.6)

Step 2 (Linear solver) For 1 ⩽ j ⩽ J, find uj ∈ Xj such that

∫
Ω

∇uj∇υ dx + α∫
Ω

uα−1j−1 ujυ dx = ∫
Ω

((α − 1)uαj−1υ + fυ) dx for all υ ∈ Xj . (4.7)

Algorithm 3:Multi-level algorithm for SEE
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Theorem 4.1 (A Priori Error Estimates). Let f ∈ Y. Let u be a solution of (4.1), u0 the solution of (4.6), and uj the
solution of (4.7). Assume that u ∈ Hr(Ω) for 2 ⩽ r ⩽ k + 1. Then we have, for a constant C > 0 that depends on
‖u‖2,2 and independent of mesh sizes,

‖u − uj‖s,2 ⩽ C(h2(r−s)j−1 + h
r−s
j ), s = 0, 1.

Proof. See [20, 22].

Remark 4.2. By referring to [20], we can prove that the result of (2.5) holds for X = L2(Ω) as well as X = H1
0(Ω).

Moreover, we see that if the exact solution u is in W2
p(Ω) with p > 2 for d = 2 and p = 12

5 for d = 3, then the
following result holds:

‖uhj − uj‖1,2 ⩽ C‖uhj − uj−1‖20.p (⩽ Ch
4
j−1), (4.8)

which shows improvement O(h4j−1) compared with the result O(h
2
j−1) via (2.5).

From Theorem 2.8, we observe that

‖F(uj)‖X = ‖uj + SG(uj)‖X = ‖uj − ̄u‖X ,

where ̄u ∈ H1
0(Ω) ∩ H2(Ω) is the unique solution for the Galerkin formulation of the linear elliptic equations

(∇ ̄u, ∇υ) = (f − uαj , υ) for all υ ∈ X. (4.9)

The following error equations immediately follow from (4.7)–(4.9). For wj := uαj − αuju
α−1
j−1 + (α − 1)u

α
j−1,

(∇ ̄u − ∇uj , ∇υ) = −(wj , υ) for all υ ∈ Xj . (4.10)

Let Rj(f ) := f + Δuj − uαj and ̄e = ̄u − uj .

Theorem 4.3 (Reliable A Posteriori Error Estimates). For the error ̄e, we have | ̄e|21,2 ≲ η2j + A2j , where the error esti-
mator ηj is defined by η2j := ∑T∈Tj

ηj(T)2 with the local error estimator ηj(T) given by

ηj(T)2 := h2T‖Rj(f )‖
2
0,2,T + ∑

E∈∂T\∂Ω

hE
2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩
[
∂uj
∂n ]
󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

0,2,E

and Aj = ‖uj − uj−1‖20,3,Ω for α = 2 and Aj = ‖uj − uj−1‖
2
0,4,Ω‖uj + 2uj−1‖0,3,Ω for α = 3.

Proof. By integration by parts and (4.10), we get

| ̄e|21,2 = (∇ ̄u − ∇uj , ∇ ̄e − ∇Pj ̄e) + (∇ ̄u − ∇uj , ∇Pj ̄e)

= − ∑
T∈Tj

((Δ ̄u − Δuj , ̄e − Pj ̄e)T −
1
2
∑

E∈∂T\∂Ω
⟨[

∂uj
∂n ],
̄e − Pj ̄e⟩

E
) − (wj , Pj ̄e),

where Pj is L2-projection onto Xj . Using the error estimates of L2-projection, we conclude the proof. In fact, to
estimate the term (wj , Pj ̄e), we use Hölder inequality and Sobolev imbedding theorem. Then we have, for α = 2,

|(wj , Pj ̄e)| ≲ ‖(uj − uj−1)2‖0,3/2‖Pj ̄e‖0,3 ≲ ‖uj − uj−1‖20,3| ̄e|1,2 ,

and for α = 3,

|(wj , Pj ̄e)| ≲ ‖(uj − uj−1)2‖0,2‖uj + 2uj−1‖0,3‖Pj ̄e‖0,6 ≲ ‖uj − uj−1‖20,4‖uj + 2uj−1‖0,3| ̄e|1,2 .

Remark 4.4. Assume that h2j−1 ⩽ hj for j > 0. Then, by the triangle inequality, the Sobolev imbedding theorem,
which is that H1(Ω) is continuously imbedded in Lp(Ω) for p ∈ [1, 6], and Theorem 4.1, we have, for q = 3 or 4,

‖uj − uj−1‖20,q ⩽ ‖uj − u‖
2
0,q + ‖u − uj−1‖

2
0,q ⩽ ‖uj − u‖

2
1,2 + ‖u − uj−1‖

2
1,2

≲ (h2(r−1)j−1 + h
r−1
j )

2 + (h2(r−1)j−2 + h
r−1
j−1 )

2 = O(h2(r−1)j−1 ),

and
‖uj + 2uj−1‖0,3 ≲ ‖uj + 2uj−1 − 3u‖1,2 + 3‖u‖1,2 ⩽ C,

where a constant C depends on ‖u‖2,2 and is independent of mesh sizes. As in the case of the Navier–Stokes
equations, the additional term wj is of higher order O(h2(r−1)j−1 ) compared to the other error estimates and the
error ‖uj − u‖1,2 = O(hr−1j ) if we take hj = O(h

2−ϵ
j−1 ) for some positive ϵ. Efficient a posteriori error estimates can

be derived in away similar to those addressed in the NSE using the usual inverse inequalities introduced in [25].
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5 Adaptive Multi-level Algorithm
We introduce an adaptivemulti-level algorithm for nonlinear problems based on the local error estimator ηj(T)
and the global error estimator ηj driven in Section 3 and 4. The adaptive procedure for the nonlinear problem
goes as follows: find ϕ0 fromStep 1 of Algorithm 1 on a given initial (uniform)meshT0, formameshT1 uniformly
refined fromT0, and generate an adaptively refinedmeshTj+1 fromTj (j ⩾ 1) by repeating the following process:

SOLVE→ ESTIMATE→ MARK→ REFINE .

The step SOLVE means to perform Step 2 of Algorithm 1 on the mesh Tj (j ⩾ 1). This process is iterated until
the global error estimator ηj becomes smaller than a given tolerance. We organize the adaptive multi-level
algorithm for the nonlinear problems.

Input: Initial (uniform) mesh T0, parameter θ, and tolerance tol.
Output: Final mesh TJ and approximate solution ϕJ for J ⩾ 1.
Find ϕ0 from Step 1 of Algorithm 1 on T0.
Form a mesh T1 uniformly refined from T0.
Obtain ϕ1 from Step 2 of Algorithm 1 on T1.
Compute the local error estimator η1(T) and global error estimator η1.
j := 1.
while ηj ⩾ tol do

Mark a setMTj ⊂ Tj such that ∑T∈MTj
ηj(T)2 ⩾ θη2j (bulk strategy).

j := j + 1.
Generate a conforming triangulations Tj from Tj−1 by refining T ∈MTj−1 .
Obtain ϕj from Step 2 of Algorithm 1 on Tj .
Compute the error estimators ηj(T) and ηj .

Algorithm 4: Adaptive multi-level algorithm

For the reader’s convenience, we present Figure 1 in order to explain the outline of the (uniform/adaptive)
multi-level algorithm. The details of the uniform multi-level algorithm can be found in [22]. Figure 1 depicts
the multi-level algorithm compared with the usual nonlinear solver (e.g., Newton–Raphson algorithm). The
nonlinear solver finds discrete nonlinear solutions by iteration on a much higher-dimensional fixed space XJ
than X0. Themulti-level algorithmfinds the solution ϕ0 from the nonlinear solver on the low-dimensional space
X0 and then repeatedly finds ϕj by only one iteration on Xj with starting value ϕj−1 for j = 1, . . . , J. The notations

Multi-level algorithm Nonlinear solver

ϕh0
0

ϕh0
1

ϕh0
2

ϕh0
k0 = ϕ0 ϕ1 ϕ2

⋅ ⋅ ⋅
ϕJ−1 ϕJ

ϕ

ϕhJ
0

ϕhJ
1

ϕhJ
2

ϕhJ
kJ ≈

...
...

Figure 1:Multi-level process computing ϕ j ∈ X j ⊂ X , j = 0, 1, . . . , J, with J finest level
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{ϕh0k }
k0
k=0 and {ϕ

hJ
k }

kJ
k=0 denote the iteration sequence obtained from the nonlinear solver on the space X0 and XJ ,

respectively. The thickness of the arrows indicates the computational costs at the given level; thicker means
higher costs.

6 Numerical Experiments
In this section, we perform various numerical experiments to test our adaptive multi-level algorithm and to
validate the theory analyzed in this paper. We present the convergence of various errors and indicators on both
uniform and adaptive meshes. In particular, we will numerically verify that the adaptive multi-level algorithm
has the quadratic convergence in the sense of (2.5).

6.1 Semilinear Elliptic Equations

Weapproximate the semilinear elliptic problem (4.1) with G(λ, u) = uα − f , α = 2, 3, by using a conforming finite
element space of piecewise linear polynomials. We introduce the following quantities: for 1 ⩽ j ⩽ J,

Ej,1(T) := hT‖Rj(f )‖0,2,T ,

Ej,2(T) := (
1
2
∑

E∈∂T\∂Ω
hE‖[∇uj ⋅ n]‖20,2,E)

1/2
,

Ej,3(T) :=
{
{
{

‖uj − uj−1‖20,3,T , α = 2,
‖uj − uj−1‖20,4,T‖uj + 2uj−1‖0,3,T , α = 3.

We define the local error estimator ηj(T) by

ηj(T) := (Ej,1(T)2 + Ej,2(T)2 + Ej,3(T)2)1/2 ,

the global error estimator ηj by
ηj := ( ∑

T∈Tj

ηj(T)2)
1/2
,

and efficiency indices EIj by
EIj :=

ηj
|u − uj|1,2

.

To show the performance,we consider two test examples: onewith a boundary layer, the otherwith a corner
singularity.

Example 6.1 (A Solution with a Boundary Layer). We consider SEE (4.1) with

G(λ, u) = uα − f, α = 2, 3, and Ω = (0, 1) × (0, 1).

The exact solution u,
u(x, y) = 1

2
xy(1 − x)(1 − y)e10(x+y−1) ,

specifies data f .

In Table 1, we present convergence history ofmulti-level algorithmandnonlinear solver on the uniformmeshes.
Here, Nel means the number of elements at Tj . The solution obtained from the multi-level algorithm is as accu-
rate as the nonlinear solver at each level j. But we observe that various errors up to low levels (j ⩽ 2) exhibit
non-optimal convergence behavior since meshes in low levels are in the pre-asymptotic range. We see that the
errors have optimal order of convergence by carrying out more uniform refinement (j ⩾ 3). However, in this
uniform refinement, for high levels j ⩾ 3, the number of elements at Tj increases rapidly and the finite element
space Xj requires too many degrees of freedom, which necessitates the adaptive multi-level algorithm.
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Multi-level algorithm Nonlinear solver
α j Nel(1/hj) ‖u − uj‖0,2 CO |u − uj |1,2 CO ‖u − uhj ‖0,2 CO |u − uhj |1,2 CO

2 0 256(8) 6.6901e−1 1.9446e+1 6.6901e−1 1.9446e+1
1 1024(16) 2.0875e−1 1.68 1.1322e+1 0.78 2.0263e−1 1.72 1.1314e+1 0.78
2 4096(32) 5.3730e−2 1.96 5.8497e+0 0.95 5.3255e−2 1.93 5.8494e+0 0.95
3 16384(64) 1.3509e−2 1.99 2.9470e+0 0.99 1.3482e−2 1.98 2.9470e+0 0.99
4 65536(128) 3.3828e−3 2.00 1.4762e+0 1.00 3.3812e−3 2.00 1.4762e+0 1.00
5 262144(256) 8.4606e−4 2.00 7.3843e−1 1.00 8.4596e−4 2.00 7.3843e−1 1.00

3 0 256(8) 6.1077e−1 1.9426e+1 6.1077e−1 1.9426e+1
1 1024(16) 2.1849e−1 1.48 1.1368e+1 0.77 1.8097e−1 1.75 1.1307e+1 0.78
2 4096(32) 5.1247e−2 2.09 5.8541e+0 0.96 4.7263e−2 1.94 5.8500e+0 0.95
3 16384(64) 1.2075e−2 2.09 2.9472e+0 0.99 1.1936e−2 1.99 2.9471e+0 0.99
4 65536(128) 2.9973e−3 2.01 1.4762e+0 1.00 2.9917e−3 2.00 1.4762e+0 1.00
5 262144(256) 7.4873e−4 2.00 7.3844e−1 1.00 7.4840e−4 2.00 7.3844e−1 1.00

Table 1: Convergence orders (CO) of various errors on uniform meshes for Example 6.1

α = 2 α = 3
j Nel |u − uj |1,2 ηj EIj j Nel |u − uj |1,2 ηj EIj
0 256 1.9446e+1 0 256 1.9426e+1
1 1024 1.1320e+1 5.7659e+1 5.09 1 1024 1.1368e+1 5.8250e+1 5.12
2 1076 7.5222e+0 3.8374e+1 5.10 2 1076 7.5233e+0 3.8552e+1 5.12
3 1260 5.1540e+0 2.5581e+1 4.96 3 1257 5.2785e+0 2.6042e+1 4.93

...
...

...
...

...
...

...
9 20447 7.4173e−1 3.6179e+0 4.88 9 19876 7.4923e−1 3.6707e+0 4.90
10 36448 5.3738e−1 2.6609e+0 4.95 10 35236 5.4581e−1 2.7078e+0 4.96

Table 2: Efficiency indices on adaptive meshes for Example 6.1

In Table 2 and Figures 2 and 3, we present numerical results from the adaptive multi-level algorithm.
Efficiency indices EIj = ηj/|u − uj|1,2 are presented in Table 2. The history of errors |u − uj|1,2 and ηj , and the
efficiency indices EIj are plotted with a logarithmic scale in Figure 2, where the x-axis represents the number of
elements. Numerical data for EIj show that the a posteriori error estimate is numerically reliable and efficient.
The superiority of the adaptive multi-level algorithm can be clearly seen in Tables 1 and 2. Indeed, e.g., when
α = 2, the accuracy on uniform mesh with Nel = 262,144 in Table 1 is comparable to the accuracy on adaptive
mesh with Nel = 36,448 in Table 2 (see boldface in Tables 1 and 2). Figure 3 shows convergence orders of the
indicators. The symbols in the legend of Figure 3 represent the indicators such as

Ej,k := ( ∑
T∈Tj

Ej,k(T)2)
1/2
, k = 1, 2, 3.

In Figure 3, we observe that the additional term Ej,3 is of higher order than the other indicators for both uniform
and adaptive meshes as mentioned in Remark 4.4.

To examine quadratic convergence behavior in the sense of (2.5) for X = L2(Ω) and in the sense of (4.8), we
investigate the difference between uj−1 and uhj , and the difference between uj and uhj in the Lp or H1-norm,
and their ratios. In Figure 4, we present these quantities and the ratios RLj and RHj , where

dLj−1 := ‖uhj − uj−1‖0,2 , dLj := ‖uhj − uj‖0,2 , RLj :=
‖uhj − uj‖0,2
‖uhj − uj−1‖20,2

,

dHj−1 := ‖uhj − uj−1‖0,4 , dHj := |uhj − uj|1,2 , RHj :=
|uhj − uj|1,2
‖uhj − uj−1‖20,4

.

The ratios RLj and RHj are almost constant, which means that our adaptive multi-level algorithm retains
quadratic convergence of Newton’s method across different mesh levels.
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Figure 2: The history of errors |u − u j |1,2 and η j , and EIj on adaptive meshes for Example 6.1
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Figure 3: Convergence plots of indicators E j,k for k = 1, 2, 3 for Example 6.1
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Figure 4: The history of quadratic convergence and various differences for Example 6.1

(a) j = 0 (b) j = 1 (c) j = 2 (d) j = 10

(e) Graph of u10
Figure 5:Meshes and u10 generated by the adaptive
multi-level algorithm for Example 6.1
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We present the adaptive meshes Tj for j = 0, 1, 2, 10 and the approximate solution u10 on the final mesh
T10 for α = 2 in Figure 5. We see that the adaptively designed meshes properly express the characteristics of the
solution with a boundary layer in the upper right corner.

Example 6.2 (A Solution with a Corner Singularity). We consider SEE (4.1) with G(λ, u) = uα − f , α = 2, 3, and L-
shaped domain Ω = (−1, 1) × (−1, 1)\[0, 1) × (−1, 0]. The exact solution u in polar coordinates (r, θ),

u(r, θ) = r2/3 sin(2θ/3) + rβ sin(2θ/3),

specifies data f . On the Dirichlet boundary ΓD := {0} × [−1, 0] ∪ [0, 1] × {0}, u = 0, and on the Neumann bound-
ary ΓN := ∂Ω\ΓD , ∇u ⋅ n = gN for the unit outward normal vector n.

We note that Δυ = 0 for υ := r2/3 sin(2θ/3) ∈ Hs(Ω) with s < 5/3, and for β > 1, w := rβ sin(2θ/3) ∈ H2(Ω) and
G(u) = uα − f = Δw ∈ L2(Ω). We take β = 1.01 for the numerical test. Note also that a priori error estimates
for the Poisson model case on the L-shaped domain are well known (see [15, Remark 4.1, Example 4.5 and
Problems 4.7]); for any ϵ > 0,

‖u − uh‖1,2 ≲ h2/3−ϵ‖u‖H5/3−ϵ(Ω) , ‖u − uh‖0,2 ≲ h4/3−ϵ‖u‖H5/3−ϵ(Ω) . (6.1)

To take the Neumann part of the boundary condition into account, we modify indicator Ej,2 as follows:

Ej,2(T) := (
1
2
∑

E∈∂T\∂Ω
hE‖[∇uj ⋅ n]‖20,2,E + ∑

E∈∂T∩ΓN
hE‖(∇uj ⋅ n − gN)‖20,2,E)

1/2
.

We only provide results for α = 2 as the case α = 3 shows similar behavior. We observe from Table 3 that con-
vergence orders on the uniform meshes are in par with the Poisson problem (cf. (6.1)). In Table 4 and Figure 6,
we display history of errors on the adaptive meshes for each level j, which shows the full rate of convergence.

Multi-level algorithm Nonlinear solver
j Nel(1/hj) ‖u − uj‖0,2 CO |u − uj |1,2 CO ‖u − uhj ‖0,2 CO |u − uhj |1,2 CO

0 96 2.3413e−2 2.3451e−1 2.3413e−2 2.3451e−1
1 384 9.7023e−3 1.27 1.4761e−1 0.67 9.7329e−3 1.27 1.4760e−1 0.67
2 1536 3.9676e−3 1.29 9.1644e−2 0.69 3.9724e−3 1.29 9.1644e−2 0.69
3 6144 1.5829e−3 1.33 5.6561e−2 0.70 1.5836e−3 1.33 5.6561e−2 0.70
4 24576 6.2119e−4 1.35 3.4866e−2 0.70 6.2129e−4 1.35 3.4866e−2 0.70
5 98304 2.4160e−4 1.36 2.1517e−2 0.70 2.4161e−4 1.36 2.1517e−2 0.70

Table 3: Convergence orders (CO) of various errors on uniform meshes for Example 6.2
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EIj

Figure 6: Convergence orders of errors and
etas on adaptive meshes for Example 6.2

j Nel |u − uj |1,2 ηj EIj
0 96 2.3451e−1
1 384 1.4761e−1 4.8126e−1 3.26
2 415 1.1532e−1 3.7244e−1 3.23
3 548 8.9599e−2 2.8853e−1 3.22
4 991 6.5174e−2 2.0990e−1 3.22
5 1875 4.6944e−2 1.5114e−1 3.22
6 3705 3.3205e−2 1.0794e−1 3.25
7 7177 2.3774e−2 7.7373e−2 3.25
8 13858 1.7006e−2 5.5668e−2 3.27

Table 4: Errors and etas, and efficiency indices
on adaptive meshes for Example 6.2
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Figure 7: The convergence of indicators EIj and ratios RL j and RH j for Example 6.2

(a) j = 0 (b) j = 1 (c) j = 2 (d) j = 6

(e) Graph of u6
Figure 8:Meshes and u6 generated by the adaptive
multi-level algorithm for Example 6.2
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The superiority of the adaptive multi-level algorithm can be clearly seen in Tables 3 and 4. Indeed, the accuracy
on uniformmesh with Nel = 24,576 in Table 3 is comparable to the accuracy on adaptive mesh with Nel = 3,705
in Table 4 (see boldface in Tables 3 and 4).

In Figure 7 (a) and (b), we present indicators and their convergence orders on uniformand adaptivemeshes,
respectively. The convergence order of additional term Ej,3 is higher than that of the other indicators Ej,1
and Ej,2. The ratios RLj and RHj are almost constant in Figure 7 (c) and (d), which means that our adaptive
multi-level algorithm retains quadratic convergence of Newton’s method across different mesh levels.

We present adaptive meshes Tj for j = 0, 1, 2, 6 and the approximate solution u6 on the mesh T6 in Figure 8.
We see that the adaptively designed meshes well reflect the corner singularity of the solution.

6.2 Navier–Stokes Equations

Now, we consider Navier–Stokes equations (3.1)–(3.3). We use the lowest-order Raviart–Thomas finite element
space Xj = R̂T20(Tj) × P

2
0(Tj). We introduce the following error indicators: for 1 ⩽ j ⩽ J,

Ej,1(T) := hT‖Rj(f )‖0,2,T , Ej,2(T) := hT‖Aσ j − ∇uj‖20,2,T ,

Ej,3(T) := hT‖Curl(Aσ j)‖0,2,T , Ej,4(T) := (
1
2
∑

E∈T\∂Ω
hE‖[γtAσ j]‖20,2,E)

1/2
,

Ej,5(T) := ( ∑
E∈T∩∂Ω

hE‖γt(Aσ j − ∇g)‖20,2,E)
1/2
, Ej,6(T) := ( ∑

E∈T∩∂Ω
hE‖g − g j‖20,2,E)

1/2
,

Ej,7(T) := ‖(uj − uj−1) ⋅A(σ j − σ j−1)‖0,6/5,T .

We define the local error estimator ηj(T) by

ηj(T) := (
7
∑
k=1

Ej,k(T)2)
1/2

,

the global error estimator ηj by
ηj := ( ∑

T∈Tj

ηj(T)2)
1/2
,

and efficiency indices EIj by
EIj :=

ηj
‖ϕ − ϕj‖X

.

Example 6.3 (A Solution with a Boundary Layer). We consider NSE (3.1)–(3.3) with Ω = (0, 1) × (0, 1) and ν = 1.
The exact solutions u = (u1 , u2) and p,

u1(x, y) =
1
2
x2y(x − 1)2(y − 1)(4y − 10y + 10y2 − 2)e10(x+y−1) ,

u2(x, y) = −
1
2
xy2(x − 1)(y − 1)2(4x − 10x + 10x2 − 2)e10(x+y−1) ,

p(x, y) = cos(πx) cos(πy),

specify data f and g.

Table 5 shows convergence history of multi-level algorithm and nonlinear solver on uniform meshes. We
observe that the errors ‖ϕ − ϕj‖X up to low levels (j ⩽ 2) exhibit non-optimal convergence behavior since
meshes in low levels are in the pre-asymptotic range. We see that the errors have optimal order of convergence
by carrying out more uniform refinement (j ⩾ 3). However, in this uniform refinement, for high levels j ⩾ 3,
the number of elements at Tj increases rapidly and the finite element space Xj requires too many degrees of
freedom as in Example 6.1; the adaptive multi-level algorithm is beneficial.
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Multi-level algorithm Nonlinear solver
j Nel(1/hj) ‖ϕ − ϕj‖X CO ‖ϕ − ϕhj ‖X CO

0 256(8) 7.903738e+0 7.903738e+0
1 1024(16) 4.556065e+0 0.795 4.556080e+0 0.795
2 4096(32) 2.436524e+0 0.903 2.436521e+0 0.903
3 16384(64) 1.245096e+0 0.969 1.245096e+0 0.969
4 65536(128) 6.262103e−1 0.992 6.262102e−1 0.992
5 262144(256) 3.135742e−1 0.998 3.135742e−1 0.998

Table 5: Convergence orders (CO) of errors on uniform meshes for Example 6.3

j Nel ‖ϕ − ϕj‖X ηj EIj
0 256 7.903738e+0
1 1024 4.556065e+0 1.164e+1 2.554
2 1206 2.472931e+0 4.728e+0 1.912
3 1486 1.525288e+0 2.924e+0 1.917
4 2260 1.137552e+0 2.025e+0 1.780
5 3492 7.797460e−1 1.455e+0 1.866
6 6130 5.987671e−1 1.066e+0 1.780
7 10614 4.118791e−1 7.717e−1 1.874
8 20130 3.183675e−1 5.678e−1 1.783
9 35736 2.221120e−1 4.165e−1 1.875

Table 6: Efficiency indices on adaptive meshes for Example 6.3

We present results for the adaptive multi-level algorithm applied to Example 6.3 with a boundary layer in
Table 6. The superiority of the adaptive multi-level algorithm can be clearly seen in Table 5 and Table 6. Indeed,
the accuracy on uniform mesh with Nel = 65,536 in Table 5 is comparable to the accuracy on adaptive mesh
with Nel = 6,130 in Table 6 (see boldface in Tables 5 and 6). We present the history of errors ‖ϕ − ϕj‖X and ηj ,
and the efficiency indices EIj in Figure 9 (a)

Figure 9 (b) and (c) illustrate the history of indicators on uniform and adaptive meshes, respectively. Here,
the indicators Ej,k in Figure 9 (b) and (c) are defined by

Ej,k := ( ∑
T∈Tj

Ej,k(T)2)
1/2
, k = 1, 2, . . . , 7.

We observe that the additional term Ej,7 has smaller value and is of higher order than the other indicators for
both uniform and adaptive meshes as mentioned in Remark 3.19. Similar behavior has been observed in the
case of SEE.

To examine the behavior of quadratic convergence in the sense of (2.5), we investigate the difference
between ϕj−1 and ϕhj , and the difference between ϕj and ϕhj , and their ratios. These quantities are displayed
and particularly ratios RXj are plotted by bold line in Figure 9 (d). Notations of the legend in Figure 9 (d) are
defined by

dXj−1 := ‖ϕhj − ϕj−1‖X , dXj := ‖ϕhj − ϕj‖X , RXj :=
‖ϕhj − ϕj‖X
‖ϕhj − ϕj−1‖2X

.

We find that the ratios RXj are almost constant, whichmeans that our adaptive multi-level algorithmmaintains
quadratic convergence of Newton’s method across different mesh levels.

In Figure 10, we exhibit some meshes Tj for j = 0, 1, 2, 6 generated by the adaptive multi-level algorithm
and a graph of the final approximate solution u6 measured in Euclidean norm on T6. We see that the adaptively
designed meshes properly express the characteristics of the solution with boundary layers in the upper right
corner.
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Figure 9: Various behaviors for Example 6.3

7 Conclusion
The adaptive multi-level algorithm analyzed in this paper can be used to efficiently solve nonlinear problems
with singularity or layer. We start with a nonlinear system on a very coarse mesh and then solve linearized
system on the successively refined meshes with adaptivity. The BRR framework facilitates to use the general
theory established for a linear problem associated with given nonlinear equations. In particular, a posteriori
error estimates for the linear problemcanbeutilized to find reliable error estimators for the nonlinear problem.

As applications, the Navier–Stokes equations and the semilinear elliptic equations are considered. Residual
type reliable and efficient a posteriori error estimators are constructed for the adaptivemulti-level algorithm for
the considered problems. With few modifications we apply existing a posteriori error estimators for the linear
Stokes equations and elliptic equations corresponding to the NSE and SEE, respectively. Note that themulti-level
algorithm with uniform meshes has quadratic convergence in the sense of (2.5). We emphasize that the multi-
level algorithmwith adaptive meshes retains quadratic convergence of Newton’s method across different mesh
levels, which is validated from the numerical results presented in this paper.
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(a) j = 0 (b) j = 1 (c) j = 2 (d) j = 6

(e) Graph of |u6|
Figure 10:Meshes and |u6| generated by the adaptive
multi-level algorithm for Example 6.3
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